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Abstract. This collection of sums and integrals has been harvested from the 
mathematical and physical literature in unstructured ways. Its main use is 
backtracking the original sources whenever an integral of the reader's applica- 
tion resembles one of the items in the collection. 



Introduction 

Dealing with the analysis of real numbers in the physical sciences shows a strange 
attraction towards integrals. Closed-form integration beats numerical integration, 
and often adaptive series expansion helps to crumble cumbersome integral kernels 
to digestable pieces. 

The current table started as a incoherent list of bookmarks pointing to "inter- 
esting" formulas that complement or correct the Gradstein-Rhyshik tables [84] , see 
http : //www . mathtable . com/ gr/. As such it does not replicate the original sources 
in full but is to be merely regarded as an aid to find places at which certain forms 
and classes of integrals or sums have been targeted. 

The notation is generally not harmonized. Stirling numbers appear in bracketed 
and indexed notations, and at least two different meanings of H with lower and 
upper indices in conjunction with harmonic numbers are met. 

There is only one hint of use: The list of references appears prior to each formula. 

0.1. Finite Series. [166, 161] 

(0.1) )_^j^ = - p(n,*) + )_^a,.+i(*) = '——^ 

3 = 1 \ i=l I 

where p(n, fc) = X]d=i ('^ mod d) is a sum over n mod d multiplied, then summed, 
over d^, and ak{n) = Yl,d\n '^^ ■ 
[51] 

n-l r „ , 

(0.2) E = E ^ — - — 



fc! (r-fc-hl)! 



-n 



[167] 



(0.3) E^" = E 

k=0 j=0 



m 1 /7i + 1\ ., 



J J Vi + i 
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[171] 

(0.4) ^ ("'^^^j=P{n + m,k,m)-P{r,k,m) 

0<j<n/m ^ ^ 

for n > 0, /c > 1, m > 1 where 
(0.5) 



1 /x\ 

P(a:, fc,m) = — I )^(m, fc + l-j) 
with g.f. 

oo 

(0.6) = yA{m,j)x^. 



(1 + xY 

^ ' 3=0 



[152] 



(0.7) E( . ) = ( „ )' " = 0,1,2,.. 



fe=0 



[167] 



(0.8) E(2fcj^^"2"-3, n>2. 
[167] 

(0.9) E(2fc + i)^ = (^-2)2-3, n>2. 
[167] 

(0.10) ^(^^^k^ = n{?i-m-l)!^2''-^"'-\ n>m+l, 
[167] 

(0.11) ^ (2^" Jfc2i= n(n-m- l)2i2"-2'"-i, n>m+l, 

k 

where k— is the fahing factorial k{k — — 2) • • • (fc — m + 1). 
[167] 

fe=0 '^^'^ j=0 



[167] 

(0.13) E = ( K-i)"-'- 



n 



[167] 



min(m,n-l) . 
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[167] 

k — j — 1 

[100] 
(0.16) 

0<k<N,k^K ^ ^ ^ ' ^ ' 

where < isT < A^, y,„(. . . , x^, . . .) are the Bell polynomials and ~ Sj=i 
Harmonic numbers of the i-th order. 
[100] 

0<k<N,k^K ^ ^ ^ ^ 

where < A' < N, H^^'^ = X]j=i Harmonic numbers of the i-th order. 
[100] 



(0-18) E U 

0<k<N 



where Hr = X]j=i j ' Harmonic numbers of the i-th order. 

[100] 
(0.19) 

E (I) (-1)^- = ^(-^) r('iTt-mm-i)! ^"'--(- ■ • ' • ■ 



0<fe<Af 



k=0 ^ ' k=0 



where Cat (i,-C) = Ej^oO' ~ ^• 
[147, §4.3] 

(0.20) «n = E f'' t ^) ^ ^" = E^-l)' '''' ^ ^ ^ 

[147, §4.3] 

(0.21) a„ = E f'' t ^) ^ fon = E(-l)'^- + 

[147, §4.3] 



fe=o ^ ' k=a 



^n~qk • 



(0.22) an = E ( fc^) ^"-^ ^ = E (T) 

fc=0 ^ fc=0 ^ ^ 

[147, §4.3] 

(0.23) fln = 2^ -j— ( I ^ bn = an - 2^ ^ U. ) an-fc. 
[142] 

(0.24) x„ = a„ + 2^-" X: (fc) ^ xn = ^0 + E(-l)'= Q ^";t2i'/" 

fc=0 ^ ' k=0 ^ ^ 
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where xq = ao + xq, xi = ai + xo and 



(0.25) 

[142] 



A:=0 



Ofc. 



(0.26) Xn+i = a„+i + 2^-" ^ 1 , ]xk^xn = 



fc=0 



where xq = 0, 



n+l 



(0.27) Xn = Q« y^(ai - Qj+i - ai)/Q»-i, 

1=1 

[99] 



11(1 -2"')- 



fc=i 



(0.28) 
(0.29) 



(0.30) 



M„ = AUn-1 ~ BUn-2, Vn = AVn-1 - BVn-2, 

sin {{n + l) cos 

n \ 



-1 = n (^-2i\/^ 



n+l 



-1 -iA 



-1 ~iA 



n (^-2*x/^cos^fcM) =2(ix/^)"cos('ncos-i "^"^ 



fc=i 



2v^ 



where uq = 0, ui = 1, wq = 2, wi = A 
[47] 



(0.31) 



fc=0 



O'Ti+k+s — ( J ] , , — Ora+k+s 



k J {n + k + s)! 



fc=0 



k J (ni + fc + s)! 



s-l s-l-J 
j=0 1=0 

where 6„ ee ^^'^^ (;!)afc. 
[47] 

(0-32) ^„U-n s 

where 6„ = ^^^g (;!)afc. 
[47] 



s - 1 - A - 1\ 

* /V J y (s-l)!(m + n + l + 0('"+„"+y 



A:-0 ^ ^ ^ 



(0.33) E 



k) 



n+k+s\ 
k=0 \ s ) 



fe=0 



s-l s-l-j 

EE 

j=0 1=0 



s-l - .A fs - 1\ (-l)"+i+\T™+"+'*-JsAj(y) 



j J {m + n + l + i) ' 
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and 
(0.34) 

£ (r) (" t ') -'""^■^"--(^) - 1 it) (™ : ') (-1)— -"-^■^™....(^) 

fc=0 \ / \ / A; = \ ^ \ ^ 

where ^ ELo (lO (-l)'^^^""' ^nd ^ ELo ("J (-l)'"^^""' and 

«n ^ ELo (fe) and X + y + z = 1. 
[47] 

(0.35) an,m = ^ f "ja"~''/3''ao,m+fc, 

A:=0 ^ ^ 

and 



(0-36) E «"-'^/3'«o.„+. = E (7) i-ay-^'P 

where a„,™ = aa„_i,™ + Pa^-i^m+i for n > l,m > 0. 



(0.37) 



n + A:\ ■r-^ 2fc+l { n + k\ {n — 1 ~ k 



for m < 71, n > 0, < m < n. 

[33] 
(0.38) 

i^(x) ^ /(^/^); ^(^) = E(-)'/(^/^) ^ ^(^) = 2-"F(2"x)+E 2-^-G(2'=x). 

fc>l i:>l k>l 

[33] 
(0.39) 

F{x) = riF{mix) + r2G{m2x) ra ^ r'i-'^G{m'i-'^m2x) = F{x) - r'lF{m'^x). 

[167] 
(0.40) 



fe=i 



where Hk are the harmonic numbers. 
[167] 

(0.41) ^^n\ 1 n2-^ 



2fcyA: + l (n + l)(n + 2)' 



[167] 



(0-42) Ef " 

^ ^ ^\2k + l k + 1 



[150] 

n 

(0.43) E 



+ 1 n+1 



m — a + b\ fn + a — b\ f a + j 

n — j J \jri + nj \m J \n 
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where n, m are integer and a, b real. 
[150] 

,s-k:)("m"^(m-;). 

where P, M are integer and a, b real. 

[152] 
(0.45) 

r = 0,l,2,... ,n=... -2,-1,0,1,2,3,... 



k J \n -\- k J \r -\- n 

k 

[150, 152] 



m=0 



mj \ p J \p — n 



where n,p are integer and a is real. 
[152] 



(0.47) 
[152] 



fc>0 



n + fc \ /2fc\ (-1)*= /n-1 



m + 2kj\kjk+l V^"^l 



(0.48) ^(- 



[152] 
(0.49) 



i/=0 



vj\ P Ja + s—v (a + l)s 



U + k)\m + k)\n + k) ^ (/ + m)!(m + n)!(n + /)!/!m!n!' ' - i^i^H^ 



.^f 21 \f 2m \f 2n \ {I + m + n)\{2l)\{2m)\{2n)\ 

k=-l 

[181] 

(»■») i:i:(:)("r)(')'-i:^"^^^"^''^ 



k 3 



[181] 



i=0 j=0 



[181] 
(0.52) 



(3/2)„-2 



fcl fe2<fcl fc3<fc2 \ 1/ \ Z/ \ 0/ V /" ^ 

[181] 
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[181] 

n- j J 2\ 2n+l 



" ™ + A ^ /m + m — 2 — A ^ 1 / 2m + 2n + 2 



(0-54) EE 
[181] 



s=0 b>0 



[181] 
(0.56) 



[181] 



\k + I J \j J \k J \ m — J / \n + I J \rn — n — I 



(0.57, i: i:,-,"-- f :) Q (" ; ■) f - : - ) ^ ^ 



4 



[48] 
(0.58) 

^ ^ fi + j\/m — i + j\/n — j + i\/m + n — i — j\ _ (7TI + n + 1) ! ^ 1 / m\ / n 
t^^t^V J )\ * )\ r7i-z )^ ^\ ^2k + l\k)\k 

[48] 



i=0 j=0 



[48] 
(0.60) 



Lm^j LV^J ^j_^^•^^Ym + n-2i-2j^^ _ [(m + n+ l)/2j![(m + n + 2)/2j! 

•i=0 i=o 
[48] 



?i-2i y [m/2j![(m + l)/2j![(n+ 1)/2J! 



3J\ J / vv w v.? - * 



[48] 
(0.62) 



\k + lj\jj\kj\ m-j J ^ ' \n + lj \m-n-l 

j k 

m 

(0.63) z f:) f!) f " : ■) f " : 1 p" 7 ^ 1 = e 



r J \s J \ s J \ r 



[157] 

,r^r,.\ fn\^ fn + ik — i\ . / n + ik — i — l\ , / n + 1\ fn 
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= 5f - 1) + 5f (2,p - 1) + • • • 5f (n, k~l) 



A. 



n + ik — i+p— I 



''n + ik — i + p\ 

ik + p J ' ^ \ ik + p 

where Aj = A^k-i-]+2 for j = 2, 3, . . . , ifc - i, 



A. 



ik- 



n+p+1 
ik + p 



(0.65) 

[173] 
(0.66) 

[173] 
(0.67) 

[173] 
(0.68) 



1 

m 

fik+2\ 
\ ik J 





1 

m 



(:) 



(ik^ (ik^ j-2\ /ik-\-j-3\ 



ik 



ik 



E(-) 

k=0 



2n\ 
k \ k J 
fin 
\2k 



4n + 1 



1 



) 2n + 



fe=0 



1 



2n- 1 



E 



(T ) n + m + 1 f ri\ ^ 



A:=0 Vp+fcj 



n + I \p 



with m, n, p nonncgativc integers and p < n. 
[173] 



(0.69) 



n ^ 

E(-)^'7^ 



fc=0 



n + m+1 / /m + n + 1 
m 



("+'") m + n + 2 



+ (-)" ' 



with m and n nonnegative integers. 
[167] 



(0.70) 



fc=0 



Cfc-l 



where Hk are the harmonic numbers. 
[167] 



(0.71) 



^ s(n, fc) = s{n - 1,0) + s{n - 1,-1), 



fc=0 



where s(., .) are the Stirhng numbers of the first kind. 
[167] 



(0.72) 



s{n, k)k = s{n -1,1) + s{n - 1, 0). 



' n+ p^ 
yik +PJ 



YET ANOTHER TABLE OF INTEGRALS 



9 



[167] 
(0.73) 

[167] 
(0.74) 



n!^s(fc,m)(-l)"-''7fc! = s(n+ l,m+ 1). 



k=0 



s{n, k)k— — m\[s{n — 1, m) + s{n — 1, m — 1)], 



fc=0 



where m = k{k - l)(fc - 2) • • • (fc - m + 1). 
[167] 



(0.75) 

[167] 
(0.76) 



n 771 N 

fc=o i=o 



j) + s(n-l,i-l))i!. 



^ 5(n, fc) _ 
^ fc+1 " " 

fc=0 



where &„ = jj^ x— rfx are the Cauchy numbers of the first type. 
[167] 



(0.77) 



k 


1 


' n + 1 " 


m 




m + 1 



where [• • • ] are the unsigned Stirhng numbers of the first kind. 
[167] 



(0.78) 

[167] 
(0.79) 



E 



fe=0 



n 




' n+l' 


k 


k = 


2 



E 

fe=0 



n 
k 



k^ = 



n+l 
m + 1 



to!, 



where k'-^ k{k - l)(fc - 2) • • • (fc - to + 1). 
[167] 



(0.80) 

[167] 
(0.81) 



E 

k=0 



n 
k 



k- = 



n+l 
J + l 



m 
3 



E 

A:=0 



n 

k 



k + 1 



where c„ = j^{x)ndx are the Caucliy numbers of the second type [160, A002657], 
using Pochhammer's symbol. 
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[47] 
(0.82) 

rn 



fe=0 



and 

(0.83) '^{n + k) 

[129] 
(0.84) 



k=0 



n + k + s 

E E 

n + k — s 

q 



s - 1 - j 



(-1) 



n+l+i J J 

q 



I J {s -I- :i)\{m + n + 



fe=o 



= E u (- + ^)!(-ir 



_j, {171 + k — sY 
(m + fc — s)! 



fe-i 



I -I )\m-l 



D-D' , , . _ 

fc=2 ^ / (=1 ^ ^ ^ ^ r-1 

where {} are r-Stirling numbers of the second kind, namely 



(0.85) 



0, 

5m 



= < 



\n-l' 




n — 





1 m 




m — 





n < r 

n = r 

n > r. 



0.2. Numerical Series. [52, 49] [160, A152649] 

^ H-(l) 

(0.86) 



where i7,(^)^ELi^- 
[49] 

(0.87) 

[49] 
(0.88) 

[52] 
(0.89) 



°" H^'^ 97 



24 



E 

n=l 



C(6) - 2C^(3) w 1.22187994531988. 



E 

n=l 



if, 



(1)' 



C^(3) - ^C(6) « 1.1058264444388. 



oo (1) 
tin 



E 



1 

^E(-l)-'C(j)C(2p-J+2), 



n=l j=2 
(r) _ Y^ri 1 



where Hi^' = F^- 
[35, 128, 164] 



(0.90) 



°° m + 2 



E 



m-2 

c(™+i)-;jEc("i-^)^(^ + i)' 



fe=i 
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where H^n'^ = Y^l^i w- 
[164] 



(0.91) £ 



Hr, 



^ n{n + a) 2a 



[3C(2) + ij\a) + 2-ii^{a) + 7^ - ^'(x)], 



and 
(0.92) 

and 
(0.93) 



00 „ 

^-^ in + ar 2 

n— 1 ^ ^ 



E 



^^(n + a;)9 (g-l)! 



(V'(a;)+7))V'^'"'^(a;)- 2V'''Ha;)+ E j ^/'("V*''^™"'' (a^) 



The paper also shows a finite expansion of X]n>=i ^"/["■'(""a^'^) ] terms of <^ 
and tj} functions for i = 1 and 2. 
[128] 



(0.94) 



r,, \ r,/-, X 5(fc, m — 1) — B(fc, m) 
5(r, m) = 5(1, to) + E 1 -^-^ 



where i/i''^ ee ^^Li F^' where S'(r, to) = where B(fc, to) = ,„+iF„(l, 1, . . . , 1; 2, 2, . . . , 2; 1) 



[128] 
(0.95) 

[128] 
(0.96) 

[21, 49] 

(0.97) 
[21] 



5(2, 3) = - Y + 2C(3) « 2.1120837816098848. 



5(2,4)- — + 3C(5)-C(3)1 + 



72 



ri-2 



(0-98) E Tfcflyr = 3"(" + + 2) + C(2)C(«) ^ - E " + 2) 
fc— 1 



A:=0 



ri-2 



fc-1 



+ ^Ec(^-^)Eco' + iK(^ + i-j')+E 



oo ^{2) 



[21] 
(0.99) 



fc=2 



oo ^(2) ^ ^ 



-(fc+1)^ 



/c— 1 
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[153, 21] [160, A214508] 
(0.100) 

A. - f:(-)'=^^7r^<^ = -4Li4(l/2) + ^+log(2)[-Ic(3)+^ log2- ^"^'^^ 



k=l 

[21] 
(0.101) 

[21] 

(0.102) 

[21] 
(0.103) 

oo ^(2) 



(fc+1) 



288 



6 



E 



ik^ir = -6^(6) +3^(^)^(^)+^^^^) = ^^(^)- 2835' 



E (fcfiF = 2"^(" + 1) - ^ E c(- - fc)c(fc + 1). 



n-2 



k=l 



n-1 



E' 



^^(fc + D- 

[21] 
(0.104) 

oo ^(1)2 



1 " " 

- = --(2n2+n+l)C(27i+l)+C(2)C(2?i-l)+^2fcC(2fc+l)C(27i-2fc) 



fc=i 



ri-2 



E(jfc + l)2n-l 6 



1 " - 

- = -(2n2-7ri-3)C(2n+l)+C(2)C(2n-l) ^ (2fc-l)C(2n-l-2fc)C(2fc+2) 



fe=i 



-2-fe 



i^C(2fc + l) ^ C(2.7 + l)C(27i-l-2fc-2j). 



[129] 
(0.105) 



(0.106) J2 



oo (4) 
J^n 

2"n! 



E 

n=l 



(2) 



fc=l 
















I 




= e 


1 + J 2i^2 


-0] 













n=l 



H-(3) rr(2) rr(l) 
^1 , ^2 , ^3 



211! 222! 233! 2^(4!) 



3! M 1 , 1 

2-^2 



5 5 



where Hn are hyperharmonic numbers (1.77). 
[68] 

1 TT coth nq 



(0.107) 

[68] 
(0.108) 



E 



n2 + g2 q 



{n^ + ql){{N - n)^ + ql ^ 2qi2q2^ Ni + qi+q2 Ni - qi + q2 

nb{qi) - nb{q2) I + nb{qi) + nb{q2) 1 



Ni + qi~ 52 Ni - qi- q2 



where nb{z) = 1/(6^^^ - 1) 
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[68] Define the Matsubara sum associated to the Graph G (loopless multigraph 
such that the degree of each vertex is at least 2, with / lines) by 

minq^ Q ^ Sg{nun2,---ni;{N„}) 

ni = — oori2 = — oo ni = — oo ^ ^ -"i/v ^ j^/ \ j ' 

where 



(0.110) dg{ni,...;{N,}) = Y[ST^,N^ 

imposes a series of constraints over the vertices v, and = s^n^ is an algebraic 
sum at vertex v, with having values ±1 or depending on the orientation of the 
line i with respect to the vertex v. The qi are weights associated with the lines i. 
Then the integral 
(0.111) 

-oo'"V-.'^^-(x1+,?)(.1+,i)...((A^-.i-.2--)^ + .|) 
is related to the sum via 

(0.112) Sg = OgIg 

where the operator Og = n[=i[l + '^6^(1 ~ Ri)] is composed of the functions ni, of 
the previous formula and the reflection operator Ri (which switches the sign of the 
variable qi). 

[160, A152416][118] 

OO s 

(0-113) Ew;7^--^-Ec(0. 



— ' n'^(n — 1) 

n=2 ^ ' 1=2 



[36] 



(0.114) V ——^ = 7 + 5RV'(1 + i) ~ 0.67186598552400983. 

[36] 

(0.115) V T = ^ - 1 ~ 0.56826001937964526. 

n>l ^ ^ 

[112, (1)] 

OO /2n\ 

(0-116) E W = 



n=0 



[112, (1)] 

OO (2n\ 



10"^ 

n=0 



[112, (1)] 

(0.118) L = V273. 



n=0 
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[112] [160, A145439] 
(0.119) 
[112] 
(0.120) 
[112, (6)] 
(0.121) 

[112, (6)] [160, A157699] 
(0.122) 



n=0 



6 



84" 3 



V5 



n=l 



7l4« 



log 4. 



n=l 



n4" 



The formula above corrects a factor 2 in [112], see [119]. 
[160, A091648] 



(0.123) 

[112, (7)] 

(0.124) 

[112, (8)] 

(0.125) 

[112] 

(0.126) 

[112] [160, A019670] 
(0.127) 

[160, A086466] 
(0.128) 



oo /2n\ 



n=l, 3,5,7, ■ 



oo /2n\ 

E \nJ 
, n(n + 1)4" 

n— 1 ^ 



1ok4- 1. 



oo f2n 

n 



E ^ - VV2. 



n=l 



oo ^2pn^ 



E 

ri=l 



E 



5^2 



/'2n\ 
n / 



^ (2n+ 1)16" 



TT 

3' 



E 



1)™-! 2 , 1 + V5 

;o.„, = ^ log — -i— . 



75 



This corrects a factor 2 in [112] and two typos in [17, 4.1.42], see [119]. 
[112, (15)] [61, 173] [160, A073016] 



(0.129) 



E 



1 9 + 27rV3 



1 \ m J 



27 
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[173] 

(0 130) V ^ - r l + (m-l)t"(l-t)— 

where m and n are positive integers with m > n. 
[173] 

^1 16 ttTS 2^/5 1 + ^/5 

fc=o V2fey 
[112] [160, A086465] 

^ ^ ^ f^") 5 25 ^ 2 

n— 1 \ n / 

[112, 61] [160, A145429] 

oo 

^ ^ 27' 



> — ^ O 

(0-133) E7Sy = ^(^V3 + 9). 

m=l \ m , 



[112, 61] 

oo 2 n 

(0.134) E7^ = ^(W3 + 54). 

m— 1 V m / 

[112, 61] 

(0.135) E72;;a =^(3W3 + 405). 

m=l V m / 

[112] [160, A145433] 

(0.136) f:4£T^ = 4(2^ + 1^)' --V51ogi±^. 

rn— 1 \ m / 

1112] 

(0.137) f;tar:i:f = -|(5-„). 

m— 1 \ m / 

(0-138) E^^ = ^^(14^^-5), 



which corrects a factor 2 in [112], see [119]. 
[112, 61] 

(0.139) 5: 



_2 /'2m\ 
m— 1 Km/ 



a special case of (1.17). 
[112] 

(0-140) E = 2 ■ 



16 
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[12] 

0.152 > — = arcsin^ t + ' > ^ ^ 

£',m(2m + 2fc)e 1^ 



I' 2k \ /2 arcsin^ sin(2j arcsint) ^ cos(2j arcsint) 



-m(2m + 2fc)f™) \ k J f^^Kk-jJ f 

k 

and a similar logarithmic result for an alternating sign sum on the left hand side. 
[12] 

(0.153) 

> — = -T arcsin-^fi) + ^ / arcsin^ ^ - > , , ^ 

„^^m2(2m + 2fc)(2„7) fc U\k-jJ kf 



k 



2k \ /2 arcsint sin(2j arcsint) ^ cos(2j arcsint) 
\k — j J \ kj kj^ 



and a similar logarithmic result for an alternating sign sum on the left hand side. 
[112] 

0-154) E (2„. 

112] 

m— 1 \ m J 

112] 

0-156) ^2^' =^7(3-^)- 

m— 1 V m / 

112] 

0-157) E ^ 2: -^(^+15)- 

112] 

m— 1 \ m J 

112] 

0.159) f:^^^^^ = -(log2 + i^). 

^ 4mC2nA 125 ^ ^ 16^ 

0.160) 

2^ ^2^2rnN =2(arcsmT) , r=^— = x/2sm--sm--sm-, 



TO 
m— 1 



where both right hand sides in [112] are erroneous, see [119]. 
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[33] 



oo 



2 Stt 

(0.161) >^arctan— = — . 

fc=i 

[33] [160, A091007] 



00 ^ 
(0.162) arctan = arctan 



tan(7r/72) - tanh(7r/72) 
fc2 tan(7r/V2) + tanh(7r/V2) ' 



[33] 



(0.163) g -^t-- a^fc2 + a(a + 26lfc+l + a6 + b^ = f " + 

[33] 
(0.164) 



E 



arctan ■ 



a4fc4 + 2a3(a + 26)fc3 + a2(2 + + 6a5 + 662)^2 + 2a(a + 26)(1 + afe + b^) + (1 + 52)(1 + [a + 6]2) 



l + (a + 5)2 

[33] 

v— > 2afc + a + 6 tt 
(0.165) > arctan — — j -5 -5 ; = — — arctan(a + 6 + c). 

^ — ' 04/0'' + asfc'^ + a2fc^ + aifc + ao 2 

fc=i 

[33] 
(0.166) 

f fa; + 1) — f(x — 1) 

> arctan — — — = arctan f (71+ 1)— arctan f (l)+arctan f(n)— arctan f (0). 

^ 1 + /(.X + l)/(.x - 1) 

[33] 

8fc 1 
(0.167 > arctan—; — =7r — arctan-. 



fc4 - 2fc2 + 5 
fc=l 



[33] 



X ^ 4afc a 
(0.168) > arctan—; 7^ = arctan — harctana. 

^ ' ^ i'4 I „2 I 4 9 



k-1 ^ + a2 + 4 



[33] 



4. 2a;?/ , y - tanliTry 

(0.169) > arctan— = arctan arctan 

— a;^ + 1/2 X tanTra; 

[33] 

00 ^ 

(0.170) V arctan — = 7r/4. 

fe=l 
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[33] 

TT sin 2ttx — sinh 2 

(0-171) Er 



+ 4a:'^ 4x cos 27ra: — cosh It^x 



[33] 



(0.172) JcOthTT. 



fc=l 



[33] 



, . I? TT sinh TTx-y/S — "v/S sin 

(0.173) 



^ x^k"^ ^ 2.Ta/3 cosh7ra;-i/3 — costtx 



[139] 



/p. , „ . N ^0 + B^k + Cpfc^ _ d„ 



, - (p - a2)(p - 62) n:=i("^' - «')("^' - 

for jaj < 1, |5| < 1, with (i„ defined via a recurrence in the reference. 



(0.175) £ 



77 X 



(1-x) 



2 ■ 



[160, A000578] 

?i=0 ^ 



[160, A000583] 

oo 

(0-178) n_..5 
[160, A000584] 



4 „ a;(l + a;)(l + lOcc + cc^) 
„=o (1 - ^) 



(0.179) E 



a;(l + 26x + 66^^ + 2%x^ + x'^) 



[160, A001014] 



x{x + 1)(1 + 56x + 246.t2 + 56a;^ + x^) 



(0.180) E'^^- 
[160, A001015] 

^ 7 „ 2;(1 + 1202; + 1191^2 + 2416x3 + 1191a;'' + 120x^ + a;6) 
(0.181) }_^na; = -— . 

See [160, A008292] for coefficients in the numerator polynomial if exponents of n 
are higher than 7. The pole at a; = 1 in the generating functions obviously delimits 
the radius of convergence. 
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[91] Let 

n 

(0.182) Sa,p{n) = ^a^kP; 



then 



[6, 42] 



[42] 
(0.188) 
[42] 



fe=0 



n+l P_i / \ n+l _ 1 

(0.183) SaAn) = Y.[P\f,.[a)[n + If-^ + f,{a) — 

a — 1 \r J a — 1 

r=o \ 

with 

(0.184) /o(a)-l, aY,(''\fj{a)-fr{a)^0, r = l,2,... 

3=0 ^-^^ 

[6] 



k=0 



A:=0 



[6, 42] 

°° 1 TT^ 



..0 (4^ + 3)^ 



- 1 - /^X 

„^o2"+\eoW(2^+i)^ • 



71—1 

[42] 

1 °° 1 
(0.190) - nl6~"(32" - l)C(2n + 1) = G - - 

n— 1 

(and similar ("-sums). 
[42] 

(0.191) f: ^ (" " = 4^3(1, 1, 1, 1; 2, II 1) = 2.G ^CO). 

n— ^ 

[42] 



(0-192) 2 Y: E ^ = - -C(3) 

rt=0 fc=0 
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[42] 

(0.193) V , y — ^ = 2G. 



[42] 



[42] 



[42] 



[42] 



[42] 



°° 4" 

(0.194) V = 2G. 



o 00 

(0.195) -V =G- -7rlog(2 + V3)- 

[42] 

ra=0 fe=l 



(0.197) _2y i-il!-y-^=G-i^log2. 

^ ^ ^2n + 1^2fc + l 4^ 

[42] 

1 (2n + l)2 f2nV 1 

0.198 -TTTTT^yy-^ TTTTT^ =G--7rlog2 

32 ^ (n+ 1)316" V^y 2 ^ 

[42] 

(0.199) y = G+-7T log 2. 

^ ^ ^ (2n+l)28" V"/ 4 *^ 



n=0 



[42] 

n— ^ 



1 (fc!)2 



(0.202) 1^3^2(1/2, 1/2, n +1/2; l,n + 3/2; l)-iy 

[70, 71] Let T denote Tornheim double sums 



G. 



00 00 

(0-203) T(a,b,c)^yy ^ 

r— 1 s— 1 
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with a + c> 1, b + c> 1 and a + b + c> 2. Then 
(0.204) 

, N -^-^ ^'rn + k — i — 1\ ^, , ^rn + k — i — 1\ ^, 

T{m,k,n)^Y.( ]TihO,N-t) + Y,[ ,_■ jT{t,0,N-i). 

i=i \ * / i=i \ * / 

L(n-1)/2J , _ O ■ _ 1\ 

T(m,0,n) = (-ir E C(2j)C(rn + n-2j) 

L™/2J / , _ 9 • _ 1 \ 1 

+ (-irE r+"_f Mc(2j)c(-+"-2j-)-^c(-+«), 



if = TO + fc + n is odd. 

0.205) T(l,0,5) = -ic(3)' + ^C(6). 

0.206) r(2,0,4) = C'(3)-^C(6). 

0.207) r(3,0,3) = ic(3)'-^C(6). 

25 

0.208) T(4,0,2) = -C'(3) + -C(6). 

0.209) T(0,0,iV) = C(A^-l)-C(^), VV>3; T(0, 0, 4) = C(3) - ^. 

0.210) rK0,n) = ic'W-^C(2r^). T(2,0,2) = ^. 

0.211) T(0,0,8) = C(7)-C(8). 

0.212) r(l,0,7) = ^C(8)-C(3)C(5). 

0.213) T(4,0,4) = ^C(8). 

0.214) r(0, 0, 14) = C(13) - C(14). 

0.215) r(l, 0, 13) = ^C(14) - C(3)C(11) - C(5)C(9) - ic(7) 

0.216) T(l,0,2) = C(3). 

0.217) r(l,l,l) 2C(3). 

0.218) r(l,0,3) = ^. 

0.219) r(l,l,2) = ^. 



2 
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(0.220) T(2,l,l) = ^ 



(0.221) T(2,2,0) = ^ 



72 

4 

36' 

3.,„. 1 



(0.222) T(l,0,5) = -C(6)--C'(3). 

(0.223) r(l,l,4) = ^C(6)-C'(3). 

(0.224) T(3,3,0) = C^(3). 

(0.225) T(4,l,l) = Ic(6)-ic'(3). 

(0.226) r(4,2,0) = Jc(6). 

(0.227) T(l,l,4) = |c(6)-C'(3). 

0.228 y = ^ 

^ ^ ^(ri + a)(n + 6) a-b 

(0.229) 

y> (-)" ^ I ^{1/2 + a/2) - iia/2) - V;(l/2 + 6/2) + 

^ in + a)(n + b) ^ 2 a-b 

n—O ^ ^ • ' 

[82] 



(0.230) log2 = i-y 



2 ^/c(4/c4 + l)- 



fc>i 

After inserting x = 1 in (1.65), [17, 4.1.13 

oo oo 

(0.231) 21n2 = l + 5:(-l)^+i-— — = 1 + 2 ^ 



= 1 + 4 



fc=i.5 9i3...^(^ + l)(^ + 2)(fc + 3)(fc + 4)- 



[17, 4.1.20] 



fc(fc + l)(fc + 2) 4 A:(fc + l)(fc + 2)(fc + 3) 

17 °° 



24 



RICHARD J. MATHAR 



(0.232) 

-ln2 = -+Vf-n*+i - = -+4 V i 

3 ^ k{k + l){k + 2){k + 3) 9 k{k + l){k + 2){k + 3){k + A)' 

More irregular denominators follow from hybridization. For example we can mul- 
tiply the penultimate formula by 4, the previous formula by 3, and subtract 

7 °° 1 

(0.233) 41n2 = - + 12 ^ 



fe=l,3,5,...^'('= + l)(^ + 2)(fc + 4)- 



2, „ 131 ,.,^1 1 



3 288 ' fc(fc + l)(fc + 2)(A: + 3)(A: + 4) 

131.^ £ 



288 ^^f^^ /s(fc + l)(fc + 2)(fc + 3)(/c + 4)(fc + 5)' 



Inserting a; = -1/2 in (1.65) [82, 22] yields 

OO ^ 

^"^4+|; 2^-U^(fc + l)(fc + 2) - 



(0-236) hr2 = |-3^-^ 



6 ^ 2'=-ifc(fc + l)(fc + 2)(fc + 3)' 

More irregular denominators follow from hybridization. For example we can mul- 
tiply the penultimate formula by 3 and add to the previous formula, 

(0.237) 41n2 = - + 3V , ^ 

^ ' 3 ^2^-^k{k + \ 



k=\ 



k{k + \)(k^i)' 



7 °° 

(0.238) ln2 = -+3^ 

fc=i 



2'=-3/c(fc + \)[k + 2)(fc + 3)(/s + 4) ■ 



, 1327 45 v-^ (-1^ 
(0.239) log 2 = + — > ■ 



1920 4 fc(fc2 - l)(/c2 _4)(p _ 9)- 

[82] 

(0-240) log2 = E(^fc ■ 4^/^.- 



/c>4 

1 1 \ 1 



k>l 



(0.241) log2 = Ef^ ' ^ ' 



k>0 



Ak + 2 J 4^= 
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(0.242) 



, ^ 2 v-^ / 1 1 1 

k>l ^ 



1 



1 



4 16fc+12/ 16*^ 



(0.243) 
(0.244) 



3^^^(2fc+l)9- 



3,-^ (-l)^fc!^ 
°^ ^ 4^2fe(2/c + l)! 



(0.245) 

[160, A154920][23] 
(0.246) log3 = ^ 

[160, A164985][23] 
(0.247) 271og5 = 4^ 



3 1 (-l)fe(5fc + l) /2k 
" 4 ^ 4^ A:(2A: + 1)16'=^ Vfc 



k>l 



2k -1 2k 



1 



(0.248) 



4fc + 1 4A: + 2 4fc + 3 
log5 = 21og3-log2 + ^ — 



1 

81^ ■ 



k=l 



kW" ■ 



(0.249) 
[23] 

(0.250) 3^1og7 = ^ 



41og7 = 51og2 + log3 + 21og5 + ^ 



k=l 



moo*^ ■ 



fe>0 



405 81 



72 



9 



6fc + 1 6fc + 2 6fc + 3 6fc + 4 6fc + 5 



1 

36fc" 



[23] 
(0.251) 
2x3^1ogll = ^ [ 

fc>0 



(0.252) 
(0.253) 



85293 10935 9477 1215 648 135 



lOfc + 1 10A: + 2 lOfc + 3 10/s + 4 lOfc + 5 lOfc + 6 



117 



15 



13 H 1 



lOfc + 7 10A: + 8 10fc + 9J 3i'"= ' 



log 11 = log2 + log5 + ^ 



(-1) 



fc+i 



fe=i 



fclO*^ 



OO ^ 

logll = 21og2 + log3-;^ — 



fc=i 



fcl2'= ' 
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Table 1. Formulas of the type slogp = tlogq + X^fc^i '^"T — ^'^^ [ 



s 


P 


t 


q 


r 


1 


3 


1 


2 


1/2 w 0.50000000 


1 


3 


2 


2 


-1/4 « -0.25000000 


2 


3 


3 


2 


1/8 w 0.12500000 


5 


3 


8 


2 


-13/256 w -0.05078125 


12 


3 


19 


2 


7153/524288 w 0.01364326 


1 


5 


2 


2 


1/4 w 0.25000000 


3 


5 


7 


2 


-3/128 w -0.02343750 


1 


7 


2 


2 


3/4 « 0.75000000 


1 


7 


3 


2 


-1/8 « -0.12500000 


5 


7 


14 


2 


423/16384 « 0.02581787 


1 


11 


3 


2 


3/8 w 0.37500000 


2 


11 


7 


2 


-7/128 « -0.05468750 


11 


11 


38 


2 


10433763667/274877906944 w 0.03795781 


1 


13 


3 


2 


5/8 « 0.62500000 


1 


13 


4 


2 


-3/16 « -0.18750000 


3 


13 


11 


2 


149/2048 « 0.07275391 


7 


13 


26 


2 


-4360347/67108864 w -0.06497423 


10 


13 


37 


2 


419538377/137438953472 w 0.00305254 


1 


17 


4 


2 


1/16 w 0.06250000 


1 


19 


4 


2 


3/16 « 0.18750000 


4 


19 


17 


2 


-751/131072 « -0.00572968 


1 


23 


4 


2 


7/16 « 0.43750000 


1 


23 


5 


2 


-9/32 « -0.28125000 


2 


23 


9 


2 


17/512^ 0.03320312 


1 


29 


4 


2 


13/16 sa 0.81250000 


1 


29 


5 


2 


-3/32 w -0.09375000 


7 


29 


34 


2 


70007125/17179869184 « 0.00407495 


1 


31 


4 


2 


15/16 « 0.93750000 


1 


31 


5 


2 


-1/32 w -0.03125000 


1 


37 


5 


2 


5/32^ 0.15625000 


4 


37 


21 


2 


-222991/2097152 w -0.10633039 


5 


37 


26 


2 


2235093/67108864 « 0.03330548 


1 


41 


5 


2 


9/32 « 0.28125000 


2 


41 


11 


2 


-367/2048 « -0.17919922 


3 


41 


16 


2 


3385/65536 « 0.05165100 


1 


43 


5 


2 


11/32 w 0.34375000 


2 


43 


11 


2 


-199/2048 w -0.09716797 


5 


43 


27 


2 


12790715/134217728 w 0.09529825 


7 


43 


38 


2 


-3059295837/274877906944 « -0.01112965 


1 


47 


5 


2 


15/32 « 0.46875000 


1 


47 


6 


2 


-17/64^-0.26562500 


2 


47 


11 


2 


161/2048 w 0.07861328 


1 


53 


5 


2 


21/32 w 0.65625000 


1 


53 


6 


2 


-11/64 sa -0.17187500 


3 


53 


17 


2 


17805/131072 « 0.13584137 


4 


53 


23 


2 


-498127/8388608 w -0.05938137 


1 


59 


5 


2 


27/32 ss 0.84375000 


1 


59 


6 


2 


-5/64 « -0.07812500 


1 


61 


5 


2 


29/32 « 0.90625000 


1 


61 


6 


2 


-3/64 w -0.04687500 


1 


67 


6 


2 


3/64 « 0.04687500 
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oo ^ 

(0.254) log 11 = 2(log 2 + log 5 - log 3) - ^ — 



/clOO'^' 

(0.255) Iogl3 = 21og2 + log3 + ^'^ ^ 



fc=i 
^fe+l 



fcl2'= 

fc=i 



(0.256) 



1 / 87 X*" 



31ogl7 = 31og2 + 41og5-5:-(^^j 



CX3 

(0.257) iogi9 = 21og2 + log5-^^. 

fc=i 

[108] 

/noroN 1 1 1 1 , lv--l,13 4 1, 

(0.258) logll = ^ -(^ + ^ + ^ - ^) = - ^ -(-^ - -5^ - -^). 

fe>l /c>l 

[108] 

1 1 1 l,v--1.7 2 1, 
(0.259) logl3 = 5J -(^ + ^ + ^ + ^ - ^) = ^ -(^ - ^ - ^). 

fc>l k>l 

[108] 

loo- 1 7 — \ " , 



(0-260) logl7 = El(i + i-i)- 

fe>i 

[108] 

(0.261) log 19 = 5: i( A + A + - ^). 

fc>i 

Similar formulas as the four above are obtained by inserting 
(0.262) 

iog[(2« - m - -iog2 - E ^ = -log ^ - E ^ = E ^ - i) ^ 

fc>l k>l k>l ^ ' 

— immediate consequence of putting x = 1/2 in (1.64) — into the right hand sides 
of [46]: 

(0.263) log 41 = log(22" - 1) - log(2i" - 1) + log[(22 - 1)^] _ log[(24 - 1)^]. 

(0.264) log 43 = log(2" - 1) - log(22 - 1) - log(2^ - 1). 

(0.265) log 73 = log(29 - 1) - log(2''^ - 1). 

(0.266) log 151 = log(2i^ - 1) - log(23 - 1) - log(2^ - 1). 

(0.267) log 241 = log(224 - 1) - log(2i2 - l) - log(2« - 1) + log(24 - 1). 

(0.268) log 257 = log(2i*^ - 1) - log(2^ - 1). 

(0.269) log 331 = log(23°-l)-log(2i^-l)-log(2i"-l) + log(2''^-l)-log(22-l). 

(0.270) log 337 = log(22i - 1) - log(2^ - 1) - log[(26 - 1)^] + log[(22 - 1)*]. 
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(0.271) log 683 = log(222 - l) - log(2" - 1) - log(22 - 1). 

(0.272) log 2731 = log(226 - 1) - log(2i3 - 1) - log(22 - 1). 

(0.273) log 5419 = log(242_;L)_iog(-22i_;L)-log(2"-l)+log(2^-l)-log(22-l). 

(0.274) log 43691 = log(2^^ - 1) - log(2i^ - 1) - log(22 - 1). 

(0.275) log 61681 = log(2*° - 1) - log(220 - 1) - log(2*^ - 1) + log(2^ - 1). 

(0.276) log 174763 = log(23® - 1) - \og{2^^ - 1) - log(22 - 1). 

(0.277) log 262657 = log(22^ - 1) - log(2^ - 1). 

(0.278) log 599479 = \og{2^^ - 1) - log(2" - 1) - log(23 - 1). 

fnoan\ ^ logjak + b) loga 1 



fc>0 



[34] 



(0.281) ^ = i (2 + 3eV4v^crf(l/2) 

(0.282) V^^^^TT^ = -7- r(0, ax) -111 a- In 

kkl 



[6] 

9 2^ 1 fife 



2 ^ 16*^ V (S/c + 1)2 (8fc + 2)2 2(8fc + 3)2 4(8fc + 5)^ 4(8fc + 6)2 8(8fc + 7)^ 



1 °° 1 
I X! ztnof 



1111 1 1 



4^ 4096n(8A:+l)2 2(8fc + 2)2 8(8fc + 3)2 64(8/s + 5)2 128(8fc + 6)2 512(8fc + 7)2 

which is Catalan's constant [160, A006752]. 
[44] 

4 2 11 



le'^VSfc + l 8fc + 4 8fc + 5 8fc + 6 

k>0 



[83] 
(0.284) 



1^ 1 / 59296 10326 3200 1352 792 552 \ _ 
16807 ^ 2"fl") \7n + l ~ In + 2 ' 7n + 3 ^ 7n + 4 ^ 7n + 5 ^ 7n + 6 / ^ ^' 

[6] 



1^ 4*^-fc!2 
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[6] 
(0.286) 

[6] 
(0.287) 

[6, 41] 
(0.288) 

[41] 
(0.289) 



(2fc+l)!2 _ TT 

32 ^ 16'=fc!4(A: + l)3 " ^ " 2 



k=0 



8^fc!V+l)^ -^+4^°g^- 



Q 00 

8 ^ 

A;=0 



(2A:)!(2fc+ 1)^ 



= G+ Jlog(2 + V3). 



5 y^ _L(2fcj^2)_ - G - - 1 ^ 10+^50-22^5 
8^j2fc + l)2(2^^) " 8 °^4o- v/50 - 22V5^' 



where i arc the Lucas numbers. 
[141] 



(0.290) 



16 
31 



1 + E 



1 + n3/2 + n/2 
2^^n! 



which is a special case of 5^3(1/2) + 5-Pi(l/2) + Po(l/2) of 

n 



(0.291) 



where 
(0.292) 
[39] 

(0.293) 

[39] 

(0.294) 

[39] 

(0.295) 
[39] 

(0.296) 

[39] 

(0.297) 



^n^- = P,(t)cxp(t) 

ri=0 

Po{t) ^ 1: P,{t) s t [P;_,(t) + P,_i(t)] , J > 0. 



v-^18-9n TT 



ri>l 



E 



CD V3- 

50n- 6 



n>0 \ n / 



1 2 6 , „ 11 

> T^r^ = ln2H tt. 

/-^ /sri^on 25 125 250 



n>l \ n ' 



C3nN2n 625 3125 

ri>l \ n 



81 18 , „ 79 
1-2+ 3125 



E 



(3") 2" 3125 15625 

n>l V n 



561 42 , „ 673 

ln2H TT. 

31250 
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[39] 

(0.298) 
[39] 

(0.299) 

[39] 

(0.300) 

[39] 

(0.301) 

[39] 

(0.302) 

[39] 

(0.303) 
[34] 
(0.304) 



V- -150^2 + 230n- 36 

2^ = 



n>l 



)2^ 



575n^ ~ 965n + 273 ^ , „ 
E 7^^. =61og2. 



n>l 



E 



til 



n>l V n 



4" 



-l-lln2 
28 32 112 



13 arctaii(-y/7/5) 



E 



81 9 



(3n^ 
n>l \nJ 



4" 



1568 256 



In 2 



V7 " 

17 arctaii(y7/5) 
6272 Tt ' 



1 1 

— TT In 2. 

10 5 



= tttTT-^ - :r In 2. 



24 



Erratum to [17, 4.1.40]: 



E S^(j/2)! = 1 - ^e'/'V^il - erf(l/2)). 



(0.305) 



E 



n=0 \n J 



4 
125 



5- V51n 



1 + V5 



Erratum to [17, 4.1.47] [160, A145438]: Using twice 9.14.+13, then [84, 9.121.6] 
and [84, 9.121.26], then substituting W /A z^, then y ^ -JiTfi, then arcsmy — v 

E;;i72;iY= 2^^'^^'^'^'^'^'^'^/^'^/^^" 2 / '^^3i^2(l,l,l;2,3/2;t/4) 

n— 1 \ n J ^ 

dt [ dt'2^^i(l,l;3/2;tt74) = i / dt ( dt' \ 2^1(1/2, 1/2; 3/2; ^74) 



/ dt'- 



1 a.TCsm{y/tt'/4) 



- «'/4 V«V4 



1 dt' 



— / dz 



. arcsinz 1 dt' 



1 dt' . r— , 
- / — arcsm'^(vt74) 
2io i' 



2/ 



■ arcsm j/ : 



f ^ cot wdi;. 
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This becomes [39, (35)] [112] [38, Theorem 3.3] 
(0.306) 

|9Li,(eW4)_4^(3) . |C1.(V3)-^C(3) = ^ {V/(l/3) - V^'(2/3)}- 

So the r.h.s. of [112] is missing a factor 4, and [15, 4.1.47] is in addition misleading 
to imply that the digamma (instead of the trigamma) functions are in effect [119]. 
[163] 



(0.307) J2 

n=l '" V j + 



_ / l,l,...,l;(a + l)/a,...,(2a-l)/a , 

-i^a+k+i^a+uy 2,2,...,2;(a + j+2)/a,...,(a + j+a + l)/a 

where Tq = t{i + l)B{i + 1, a + 1). 
[39, 112] [160, A073010] 

(0-308) E rrt. - " 



(0-309) -n2^ = ^C(2) 



n>l W , 



a special case of (1.17). 
[87] 



ri>l Vn/ 

[87] 

(0-311) E ^TSTa = 27rCl4(7r/3) - ^C(5) + |c(3)C(2). 



^1 3 

n>l \ rt / 



[87] 

(0.312) y = --3L4 i(e-/3) + ^C(6) - -C'(3). 

^ n6(2») 3 ^ 1296^ ' 3^ ^ 

n>l V n ; 



[87] 

(0.313) 



(-1)" arctanh(l/V5) 



n>l "Vn 



_ -2 

V5 



Correction of a sign error in [112], see [119] 



(0-315) Eilg = 4^(^) 



„>i"' 
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(0.316) 

(-1)^ 



fc-1 



E 



l/2n\ 
n>l \n J 

(0.317) 

(0.318) 

n>l ^ \n)^ 



= -4K,ip)+4Iui-p)+^ In' P+7C(4), K^ix) ee ^^^^ifc-.(x). 



r=0 



1 oo 1 1 

V — = -^C(3) + - In^ 2 - — TT^ ln2 + Tr^L,{i). 
^ -3^3«^2" 16^^ ' % 24 ^ ^ 



TI>1 



-^C(3) In 2+^7r4-^ In^ 2+^.^ In^ 2-8L4(l/2)-85Ri3a(^)-85RL4(^) 



E- 



(-ir 



1 2 

3 ^ 57 

1 



v/ll4y57- 342 ) ln2- — ^114^57 - 342 In [Xi + ^57 + v^-SO + 26^/57 



^114^/57 + 342 arctan 
5T T 



(0.319) 



(0.320) 



E 



2"n(' 



E 



n>\ \n/ 13+12r+2r3=0 

(-1)" ln(r + 2) 



n r + 2) 6 1 

^ -^--In3 + -ln2. 

r + 3 7 7 



E 



n>l 

[187] Let A,^Er=o m/C%then 

2 2(2fc + 3) 



E 

8+4r+r3=0 



(0.321) 



3(A: + 1) 3(fc+l) 

[187] Let S, ^ Er=o(-l)"m/('r): then 

2(2A: + 3) 



In 2. 



(0.322) 



Bk+i 



B,.. 



5{k + l) 5(fc+l) 

and similar recurrences with an additional factor n or in the denominator of the 
sums. 



[4] 
(0.323) 

[4] 
(0.324) 

[4] 
(0.325) 



E 

fc>i 



E 

k>2 



1 q+1 



C(g + 2)-iVfcC(fc + i)C(9 + i-A:). 



9-1 



fc>i 



P 



z 

klk 



C(p + i) + ^( 



(-) 



fe-1 



k=l 



kl 



Lip+i_fe(l-z)log'=(l-z). 
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[4] 
(0.326) 

E 



1 



E 

k>q 



1 



r(i-a)r(i + /3) 

lim lim 



klkP {q - ly.pl /3^o a^o daidl3i-^ T{l3)T{l ~a + l3)'' 
which can always be represented in finite terms of zeta functions. 
0.3. Formulae from Differential Calculus. [105] 

(0.327) i^—j e«(-) = e^(-)r™(.g'(x),,9"(x),...,.9(")(a;)) 

where Ym is the mth exponential complete Bell polynomial, 
(0.328) - ' ^ ' ^ ^ ' " ^ 

(0.329) 



7r(n) 



/fci!---fc„! Vl! 



dx 



(log/)g' + .g 



\nl J 

L 

f 



1. Elementary Functions 
1.1. Powers of Binomials. [30] 

(_)fc+lr(3A^) 



(1.1) ('^^4^) -(i+-r/^E 



A;>0 



r(3fe_^ - A: + 1)/j! V(l + a;)3/2 



[112] 
(1.2) 
[112] 
(1.3) 
[112] 
(1.4) 
[112] 



1 



VI -4a; 



E 

Tl = 



{2n\ .t" 1 - Vl - 4x 
2x ■ 



\ n / ?i + 1 



n\n 

n— 1 ^ 



2a; 



(l-5)-E;^(;m)(nj^- x + ^ x(log4-l)--, 

n— 1 ^ / \ / 

which corrects a sign error in [112], see [119]. 

[40] 
(1.6) 

y ")i/„a;"+i = VT^4^1og(2VT^4^)-(l+\/T^4^)log(l+VT^4^)+log2, 

71 + 1 V JT- / 



n=0 



(1.7) 



ra=0 



, i+VT^4S 



VI -4a; °' 2V1 - 4a; 
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(1.8) 



2 

^log(-— — 7===), 



VI + 4.x 1 + VI + 4a; 



where iJ„ = Z]fc=i 1/^- 
[40] 

where Pq{z) ~ Ogz'' + a^-iz''^^ + . . . + qq is a polynomial and 5 arc the Stirling 
Numbers of the Second Kind. 



(1.10) 
[112] 

(1.11) 
[112] 

(1.12) 
[40] 



5:n(';W" = 2.(l-4.x)-/^ 



n=l ^ 



(1 - 4a;)5/2 



> he — — arcsm(2a:;). 

^ 2n + 1 V n / 2x ^ ' 



n=0 



, , 1 (In 

(1.13) ^' '^■^ = 



n + TO + 1 V ^ 



92m- 



fc=0 ^ ^ 



[401 



,1.14, i:ip"V"=2L,/'-^ 



log^ (1 + Vl - 4x) - 2 log 2 log 



1 - VI -4a; 



31og2 2. 



[112] 
(1.15) 



E 



I2m\ 
m = \ \ra) 



-{2xlyY 



lO} 



X + h xh 
' + — 

y 



where h = ^ x"^ + y^. 
[112] 

(1.16) 

[112] 

(1.17) 



E 



(2a;) " 2a;arcsinx 
1 m") Vl-a;2 ■ 



E 



(2a;)2" 

1 V m / 



2(arcsinx) 
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[112][, 4.1.1.46] 
(1.18) 

(1.19) 



(cr2 +4)7/2 



E 



(2x) 



2m 



X arcsm x 



1 CZ) ^^^^ (l-a;2)3/2 



120 



— cxp ( ) + T ( — 

v2 I c: 



7(57 + 12) / cr y 7(372 + 527 + 96) / 0- y 7(3572 + 3O87 + 480) / cr 



1152 







7 




4 








-( 









, 6 

7 / cr 



7(7 + 4) 
32 



6720 



[148, 3.41(a)] 
(1.20) 
[31] 



a - a: aVa2 - 



=^ (a-v/^^)2^r2,(. 



(1.21) (l + a; + :E-i)" = ^ 
[139] 



j>0 



j!(m + j)!(7i-2j-m)! 



(1.22) EC(4^ + 3).-=5:^ = |^ 



(-) 



fe-i 



^ ?7i4 + 4x4 



n 



s=0 A;=l fe=l V fc y m=l 

[28] Let Bo{x) be a period function of period 1. Assume -60(2^) has a continuous 
derivative in the open interval (0,1). Let ao = J^^ BQ{x)dx and define 



(1.23) 
Then 



Bn{x) 



Bn^i{y)dy+ {y~l)Bn^i{y)dy. 



k=0 



(1.24) 5^i3fc(x)t'= 
and 
(1.25) 



ao- Bail - y) 



-dy 



,'^^-y^B'o{y)dy, 



B„{x) = 



2E 



- (27rzj) 



-(aj - ao - i&j) 



where aj and 6j are the Fourier coefficients of Bo[x). For example Bo{x) = cos(7ra;) 
yields B2{x) — (1 — 2x — cos{ttx))/tt'^ and 



(1.26) 



T^2(.) = -E 



sin(27rja;) 



Consider also a periodic sequence Aj+T = Aj, the Dirichlet series 



(1.27) 
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and the Fourier coefficients 

T T 

(1.28) aj = ^ Afc cos{2njk/T), = ^^k sin(27rjfc/r). 

fc=i fc=i 
If At-j = \j for 1 < i < T, then 

(1-29) /(2n) = i-^(27r)2"^a,i32„07r), 



T 

(1.30) ,9(2n + l) = 0_(27r)2"+i^«,B2n+i(j7r), 

and similar expressions for other even-odd symmetries of the A. 
[28] 

(1.31) 81og2 - 4 = C(3) + £ = E 
[28] 

oo^ cos(27r.773) (-)\9^^2fe 

(1-32) 1.-21(4^^2-2^ = ^(2-) «2fc, 

with g.f. 
(1.33) 



g4/3 _ gl+t _ gt+4/3 _^ ^3jg(2t+5)/3 _ g(2+2t)/3 _ g(2+t)/3 _^ g(5+t)/3] 2te*/^ 

(e- l)e2/3(e* - l)(i2 - 1) e*-2' 



OO 

fe=0 

1.2. The Exponential Function. [77], [160, A001469] 

(1.34) = y ^t^- 

with (G + l)^ + GAr = 1 for TV > 1, Gi = 1, Gs = -1, G4 = 1, Gg = -3, Gg = 17, 
Gio = —155, G12 = 2073, Genocchi numbers. 
[31] 

00 ^ri-2fc„,fe 

(1.35) cxp(xt + yt^) = E — i/„(x,j/), i/„(a;,?/) = n! E 



ri=0 fe=0 ^ ' 



1.3. Fourier Series. [57, B2a] 

Lm/2J 

,2k 



(1.36) cos(m0)= E (-l)'=(":)cos" 



"2/^ 6* sin^'^ ( 



fe-i 



(1.37) sin^'^ a + cos^'^ a = 1 - E 
[56] 

n qoN e ^ ^ - sin(2fc + l)a 

(1-38) ^-W = L (2fc + l)- ' 



sin^' a cos^*" a 
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(1.39) 

(1.40) 
(1.41) 



k=0 



cos(2A: + l)a 
{2k + 1)'' ' 



(-1)" 

C2n(a) = tttt: — —'^ "£'2,1-1 



4(2n- 1)! 



9-1 



(1.42) S,i2np/q) = —Y,Ci'^,s/q) sin{s2np/q) 

s=l 

(1.43) 

C.{2np/q) = 1 |c(^) f 1 - + E ^Z*?) 



sin(s47rp/(7) 



2^^ 



cos{s2Trp/q) — 



cos(s47rp/(7) 
2^^ 



1, 1.448.1] 



(1.44) ^ — - = arctan ^ ^ , < a; < 27r,p2 < 1, 



fc=i 

with special case 
(1.45) 



E 

fc=i 



1 — p cos X 



sm(kx) sin a; 

— arctan , < x < 2n. 



2H- 



2 — cos a; 



1, 1.448.2] 



(1.46) E 

k=l 

with special case 



p cos(fcx) 



In- 



k yjl — 2p cos X + 



, < a; < 27r, 



fc=i 



(1-47) E 

[92, (1.10)] 
(1.48) 



cos(fca;) 
2'^-fc 



hi ^1 - cos a; + 1/4, < a: < 27r. 



4 2 

V2- 2 cos 61 = + - V 



COS k0 



TT TT^ (fc- l/2)(fc+l/2) 



[169] 
(1.49) 
[169] 

(1.50) 

[169] 

(1.51) 



Cl2„+i(7r/2) = -2-^"-^(l - 2-^")C(2n + l),n e N, 



CWi(7r/3) = -(1 - 2-2")(l - 3-^")C{2n + l),n e N. 



CWi(2V3) = --(1 - 3-2")C(2n + l),n € N. 
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[169] 

(1-52) E ^^^T?^ = -2-^(1 - ^'-nasi^s > 1. 
k>i 

[112] 
(1.53) 

E 72^\ = 2fc-2(i_a;2)A.-i/2 [arcsin (x^) + X V 1 - M^fc (x^) 

m— 1 \ 771 } \ / 

[112] 

rn— 1 \ m J ^ ' 

[112] 

(-l)'"-im'=-24™(sinhz)2'" 



, fc> 0, 



(1.55) E 



m— 1 



/2m\ 
\ m / 

sinh 2 2 



- [21og{sinhz + coshz}Vfc(— sinh^ z) + sinh2zWfc(— sinh^ z)] 



(2 cosh^ z)'' 

where Vi(t) = 1, (see [160, A156919]) M^i(t) 0, 

Ffc+i(t) ^ {(2fc - 2)t + 1}-I4(t) + 2(1 - i)5Ffe(t) 
VFfc+i(i) = {(2fc - 4)i + 2\Wu{t) + 2(1 - t)mk{t) + Ffc(i) 

and (5 is the operator x-^. 

1.4. Expansions of Hyperbolic Functions. [30] 

Ei\k{2x^Y^ 
T-rr, • 
.>o (4fc)! 

[30] 

(1.57) sin X sinh x = 



(_)fc(2x2)2'=+l 



(4fc + 2)! 



[30] 



, , V- 22'="l(22'= - l)(2fc- l)S2fcx2'^-2 

(1.58) coth(2x)tanhx = 1 - E ^ 



[33] 



X 



(1-59) V— 4— -2-'" = l- ^ . 

^ — 'sinh2 ^x tanhx 

[33] 

^ 2J -eoth2-J _ l + 4e^-e4 
^ ■ ^ 2J sinh2-J l-2e2 + e4' 
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[79] 

F{\2m + 2n + l\) ^ ^ ^ (2n + l)F(2n + 1) 
^ ' ' 2^ cosh(2TO + 1)m cosh 2nu ^ sinli(2n+l)u ' 

m,n— — oo ^ ' n— 

for any summable function F{x). 
[79] 

^' ' 2^ sinh(2m + l)u cosh(2n+ l)u ^ cosh(2nu) ' 

and 

g y> F(fc + ?n + n + l) + f(fc-m + ?i) _ g n^f(n) 

cosh(2fcw) cosh(2m + V)u sinh(2n + \)u ^ sinh(2nu) ' 

where F is any sine transform (and hence odd). 
1.5. The Logarithmic Function. 



oo u 
X 



(1.64) in(l_:,) = -^_ 

fe=i 

(1.65) 

1111 x''+'^ 

(1+.) hr(i+.) = -^Y:r'-2:r'^jrr'-^^- • • = ^%^-')'^'HkTY) 

By integration of this w.r.t. x [84, 2.729], [126] 

(1.66) i(l + x)^ hi(l + x)^l^'-^ + ^ 



2 4 ' A:(fc + l)(fc + 2)' 

A;— 1 



5x-2 11x3 - ^fc+3 



(1.67) i(l + x)3ln(l + x) = f + ^ + ^+E(-l)'^^ 



6 12 36 ' /s(fc + l)(fc + 2)(fc + 3) 



(1.68) 

— fl+xl^lnfl+x) = ^ + _ + ir^+r^+Vf-l)'=+^ - 

24^+2;] mu+xj 24^48^72^ 288 ^^^^ ^ fc(fc + l)(fc + 2)(fc + 3)(fc + 4) 



(1.69) x + {l- xY ln(l -x)^J2 ^i.'^' - (-1)'^' J2 



,.k+l 



X 

feJt + l)(fc + 2)...(fc + 0' 
where 

(1.70) T2,, = /-l/2, ?>2; = (-1)'(^'3 -/t,_i,,_i, i > 3. 

[109] 

q:(s, n) 



(1.71) logn = -E 
with 

(1.72) a(s,n)E 



.>i ' 



71—1, n I s 
-1 n\ s 
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Superposition of [84, 1.513.1] and [84, 1.511], see [160, A165998]: 
,^ „„, 1 , 1 + a; X x'^ x^^ 

^'■''^ 3^^^(T3^ = ^+6 + y+i2 + --- + 27TT + 3(27TT)+-" 

[11] 

j=k 

[94] 
(1.75) 



[431 

If 1-x 1 f-l)''+ia;''~i 

^'■''^ YxV- + ^) - ^ ^'^'^^ ^ j - g (2fc -l)2M2fe + l) ^ 

< X < 1. 

[129] 

(1.77, 

where the Hyperharmonic numbers are defined by i7„ = X]fe=i(l/^) ^r^'' 

1.6. The Inverse Trigonometric and Hyperbolic Function. [33] 

(1.78) y^2"''tan^ = — cot— -cot a;. 
^ ^ Z ^ 2^ 2^ 2^ 

fc=i 



[33] 



(1.79) esc r = cot — — cot x. 



k=l 



X . x 

2~ 



[33] 

■^2, 2x^ TT tanhTTO; 

(1.80) > arctan — ^ = arctan . 

^ fc2 4 tauTTx 

fc=i 

[33] 

/, x-^/ TT sinh 

(1.81) Z^\) arctan-p- = arctan 



fc^ 4 sm TTx 
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2. Indefinite Integrals of Elementary Functions 
2.1. Rational Functions. Aids to partial fraction decompositions: [186] 

1 



(2.1) 



n-l 



s'^is'^ + as + b) b"{s^+as + b) Z^fofc+ign-fc' 



where & > 0, - 46 < 0, ao = 1, 
(2.2) am = (~1)"V6^C/. 

[186] 
(2.3) 



2Vb 



L™/2J . ,s 

fc=0 ^ ^ 



as + /3 _ 1 /L(s + a)+/?6 L(s + fca) + /36\ 

(s2 + a.s + 5)(s2 ^ ^ ^5-) ^ (fc - 1)62 s2 _|_ 5 s'^ + kas + kb J 



k 1, ab ^ 0, L = 
[186] 

(2.4) 



a 13 
a c 

1 



[pq + ap + b) {pq + cp + b) 



a c 
b b 



q + a 



q + c 



a 7^ c, 6 7^ 0. 
[186] 



(2.5) 



a 7^ c, 6 7^ 0. 

[186] 
(2.6) 









/ 


a P 




a f3 


ap + P 


a c 


-1 




q + c b 




q + a b 


{pq + ap + b) {pq + cp + b) 


b b 






pq + cp + b 


pq + ap + b 



pq + ap + b pq + cp + b J ' 

\ 
I 



(b-a'-^ 



ba — aB — 



f3-b^ (b-a^]s + bj 

' -y — a \ 7 — a / ' 



— aS — 



b^' 

7— a 



{s"^ + as + I3){s'^ +-is + 5) k 



,s2 + 7s + (5 



a 7^ 7. 
[60, 170.] 



(2.7) 

[60, 171.] 
(2.8) 

[60, 170.1] 
(2.9) 



dx 



1 , + axJ2 + 1 axJ2 

log — —fz + — — arctan ■ 



a^ + x'^ 4aV2 '"^ - ax^2 + a"^ ' 2a^y/2 a^^x^' 



dx 1 
a^-x^ " 4^ ^ 



xdx 



a — X 



1 X 
— TT arctan — . 
2a3 a 



i4 + a;4 2a2 



1 

arctan — 
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[60, 


170.2] 


(2.10) 


/ 

J 


[60, 


170.3] 


(2.11) 




[60, 


171.1] 


(2.12) 




[DU, 


1 71 91 


(2.13) 




[60, 


171.3] 


(2.14) 




[60, 


173] 


(2.15) 





1 , + axJ2 + 
■ los- 



a4 + .t4 4a72 a;2 - 0X^2 + a2 20^2 



1 axJl 
arctan ^ 



•?dx 



1 



log(a4 + x4). 



xdx 



T?dx 



= — loe 



a* — X 4a 



X dx 



a + X 



a — X 



1 X 
— arctan — . 
2a a 



dx 



■ log — x'^\. 



— log I 



x{a + 6x™) am a + bx"^ 
2.2. Algebraic Functions. [60, 186.11,188.11] 

dx 



(2.16) 



(2.17) 



I (a 



(a^ + b'^x)x^^-^ ah 
dx 1 



2 6x1/2 
— arctan . 



(a2 - b^x)x^/^ 2ab 



loe 



a 

a + 6x1/2 



[60, 185.11,187.11] 



(2.18) 
(2.19) 



v^/^dx 2x1/2 2a 



+ 6^3 



62 63 



a — 6x1/2 

6x1/2 
arctan 



f x'l' 
J a^- 



i/2dx 2x1/2 a , 



a 

a + 6x1/2 



(2.20) 
(2.21) 



62 X 62 6^ 
[60, 185.13,187.13] 

x3/2cix 2 x3/2 2a2xi/2 2a^ 



6x1/2 



62x 3 



64 



6x1/2 

^ arctan . 

65 a 



t^/'^dx 



2 x3/2 2a2a;i/2 a' 



(2.22) 
(2.23) 



a2 — 62x 
[60, 186.21,188.21] 

dx 



3 62 



64 



r-1/2 



6x1/2 



a — 6x^/2 
6x1/2 



(a2 + 62x)2xi/2 a2(a2 + 62x) 0^6 



arctan - 



a 



dx 



nl/2 



(a2 - 62x)2xi/2 a2(a2-62x) 2a36 



loe 



a + 6x1/2 



6x1/2 
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[60, 185.21,187.21] 



(2.24) 



I (a 



„l/2 



(2.25) 



2 + 62a;)2 62(a2 + 62a;) ^53 
x^^^dx a:i/2 1 



1 6x1/2 
arctan . 



(a2-62x)2 b'^(a^-b'^x) 2ab^ 
[60, 185.23,187.23] 



los 



6x1/2 



6x1/2 



(2.26) 



[;^/2dx 



2x3/2 



3a2xi/2 3a 



(a2 + 62x)2 62(a2 + 62x) 6^(02 + 62x) 6' 



— arctan ■ 



6x1/2 



(2.27) 



c3/2da; 3a2xi/2 - 262x^/2 3a 



(a2 - 62x)2 64(a2 - 62x) 

[60, 186.13,188.13] 



a + 6x1/2 



(2.28) 



dx 



(2.29) 



(a2 + 62x)x3/2 
dx 



a2xi/2 



26 

— arctan 



a — 6x1/2 
6x1/2 



(a2 — 62x)x3/2 
[60, 186.23,188.23] 
dx 



a^x^ 



■log 



a + 6x1/2 



(2.30) 
(2.31) 



a — 6x1/2 
362x1/2 36 



(a2 + 62x)2x3/2 a2(a2 + 62x)xi/2 a'i(a2 + 62x) 



arctan - 



6x1/2 



dx 



362x1/2 36 , 



(a2 - 62x)2x3/2 a2(„2_ ^2^)2.1/2 a4(a2-62x) 2a5 
[60, 189.2,189.4] 



a + 6x1/2 



a — 6x1/2 



(2.32) 



dx 



1 , X + aV2x + a2 
■log- 



1 av2x 
arctan ■ 



(a4 + x2)xi/2 2a3V2 ^ x - a^/2^ + a2 a3V2 - x 



(2.33) 



dx 



(2.34) 
(2.35) 



(a4 - x2)xi/2 2a3 
[60, 188.23,189.3] 

xi/2(ix 



a + X 



1/2 



r.l/2 



1 xl/2 

— arctan . 



1 , X + a\/2x + a2 
loa 



a4 + x2 2aV2 x - aV2^ + a2 0^/2 



1 av 2x 
arctan 



r;i/2dx 1 



= 7^ log 



a"! — X 2a 



a + X 



1/2 



,1/2 



1 xl/2 

— arctan . 

a a 



(2.36) 



\/a + bx. 



2-v/a + 6x xri (^^/«) 

ax = ; ^; [^(^) 



6"+i 



^ ifcy 2fc + 1 
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This corrects two sign errors in [84] at the b: 
(2.37) = 1 1 



(n - 1)A t"-i 



fe=2 



(2n-2m-3)(2n-2m-5)---(2?i-2m-2fc + l)(-&)''-i 1 -, 
2'=-i(7i - l)(n - 2) • • • (n - fc)A'= t»-'= 



(2n - 3?7i - 3)(2n - 3m - 5) • • • (-2m + 3)(-2m + l)(-6)'^ 
2"-i(n - 1)!A" 

where z = a + bx and t = a + /3a; and A = a/3 — ab. 
[174] 



(2.38) 



, dz = log(x„(z) + y,n{z)y^D„i{z)), 



if for example 

(2.39) / = 4z+2; D = z^+8{z+l); x ^ z^-2z^+2z'^+4z-4:; y ^ z^-2z+2. 
or 

(2.40) 

/ = 5z + l; D = {z"^ + if + Az; x = z^ - z'^ + + + 2; y = z^-z^ + 2z. 
or 

(2.41) 

/ = 6z+2; D = {z^+2f+8z; x = z'^-2z'^+8z'^~4:Z^+8z^+8z: y = 7.^^-27.^ +6z^-Az+A 



(2.42) 

f = 3z-s; D = {z'^-s^f + t[z-s); x ^ l + 2{z + s){z'^ -s^)/t\ y = 2{z + s)/t. 



2.3. The Exponential Function. 



(2.43) 



m + 1 
2a 



m 7^ — 1. 

2.4. Hyperbolic Functions. 

2.5. Trigonometric Functions. 

(a + sinx)^ 



(a + sina;)^ + (6 + cosa:)^ 



dx 



262 



a6 



1 



a2 + 62 (a2 + 62)2 
1 



cos(a;) 



1 &cos(2x) — asin(2a;) b 



+ 52 



a2 + 52 (a2 + 62)2 
, 2(a2 - 62) -3a2 + 6- 

1 H ^ H : 



sin(x) 



1 - 



(a2 + 62)2 (a2 + 62)3 



(a2 + 62)2 (a2 + 62)3 
sin X + a a 

arctan 



In ■\/ (cos a; + 6)2 + (sin x + a)2 



cos a; + 6 4 



(a2+62)2 (a2 + 62)3 



2.6. Rational Fiinctions of Trigonometric Functions. 
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2.7. The Logarithm. [128] 

(2.44) / TT^^' = -z) + l log2 z- 
J (^~z)z 2 

[17, 3.1.6.] 

f Inx 1 

(2.45) / da- -[liia;lii(l + ax-) + Li2(-aa;)]. 

J 1 + ax a 



Correcting a sign error in [17, 3.1.7 
i(a + bx) 1 

; ax = - In , , ....^ , , , 

c+ fix a \ n J be — an 



I ln(a + 6a;) 1, f ah — bc\ , , ,bc + bhx,, 
(2.46) / ^ —^dx = -[\n{ )\n{c + hx)-U2{- -)]. 



(2.47) 

^2/2 + 1 cVcV4-l 2 + c/2 + v/cV4 - 1 

zln(c+2;+l/2)rf2 = ln(z^+cz+l) — ^ In ^ , 

^ ' ' 2 ^ ' 2 z + c/2- v/cV4-l 

z In z. 

4 2 

3. Definite Integrals of Elementary Functions I. 
3.1. General formulae. [8] 

(3.1) / f{[ax-b/xf)dx = - f{y^)dy, a,b>0. 



[34] Let 



then 
(3.2) 

Let 

then 
(3.3) 

Let 

then 
(3.4) 



k=Q 

/ x'^-^e-''(p{x)dx = Y,Ak^ik + P), I3>0. 

OO 

y,(x-)=^Afcx'=/P, 



/•OO 

/ x'^-^e'"'ip{x)dx ^^Akr{k/p + (5), /3>0. 

OO 

ip{x) ^^Akx\ 



k=0 



p x^-^e-'="ip{x)dx = Y AkTii-—), /3>0 
•^0 t^o P 
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[110] 
(3.5) 



xdx 



a v^(x - a){x - b){x - c) Va~c 
[110] 

dx 



(3.6) 

[110] 
(3.7) 

[110] 
(3.8) 

[110] 
(3.9) 



[(a-6)n(/i, l,g) + bF{^,q)], u> a> b> 



2{c-b) 



(r - x)y^{a - x){b - x){c - x) (r - b){r - c)sja - c 

r — b 2 

X n(^, ,p) + , ^ ^ F{f3,p), a > b > c> u,r ^ c. 

r — c (r — b)y/a — c 



dx 



{x - r)yj{x - a){x - b){x - c) {b - r){a - r)y/a - c 
b — r 

(6 — a)n(^, -,q) + (a — r)F{fj,, q) , u > a > b > c,r ^ a. 

a — b 



{x c){b x) ^^ ^ 2 _ a)F{5, q) 

a ~ X 3 



+ (2a - 6 - c)E{5, <?)] + ^(6 + c - a - u)J^ — — ^, a>b>u>c. 
6 \ a — u 



(x~b)(x~c) , 2 , X 

'-^ '-dx = -Va - c 2(a - b)FU,q) 

X — a 3 



+ (b + c- 2a)EU, q)] + -(u + 2a~2b- c)\ ^ — — ^, u > a > b > c. 
3 \ u — b 



[110] 
(3.10) 

[54] 
(3.11) 

where 
(3.12) 



(x — a)(x — c) , 2 , N 

'-dx = - Va^[(a + c - 2b)E{^i, q) 

X — b 3 



- (a - 6)F(/x, q)] + -(u + 6 - a - c) 



{u — a)(u — c) 



u ^ b 



, u > a > b > c. 



du 



Ar V A -Be 



(au + lfibu + l)-' 



= Aologa + Bo\ogb + Y, — + J2 — 



r ^ — ' 5 

r— 1 s— 1 



A = (-1) 



f^, 7-1 J (a - 6)/3+7-'-J- 
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7 — s — 1 



(3.13) = (-1)^6^-"-! J2 

3=0 



13 ~1 y (a-&)'3+7-«-J-i- 



(3.14) r = 0, l,...,/3- 1: s = 0, 1, . . . , 7 - 1. 

3.2. Powers of x, of binomials of the form a + jSx'P , and of polynomials in 

X. [59] 
(3.15) 

zF2[-n, 6/2, (6+l)/2; c/2, (c+l)/2; x) 
[32] 



r(c) 



r(6)r(c-6) Jo 



/" i''-i(l-t)=-^-i(l-a;t2)"di, ^c>m>Q. 
Jo 



(3.16) 



x4 + 2aa;2 + 1 



X +1 dx 
x'' + l'x^ 
''^ dx 



a;4 + 2ax^ + 1 



c-* + 2ax2 + 1 



+ 1 



+ 2a.T2 + 1 

with B Eulcr's beta function, a >= 1, r > 1/2, any b 
From this by spcciahzation [32] 

^4 



= 2-i/2-r-(i + a)i/2-'-s(r - 1/2, 1/2), 



(3.17) 
[32] 

(3.18) 
[32] 

(3.19) 
[32] 

(3.20) 



-dx 



{x^ + x^ + iy 



(x4 + 7x2 + 1)5/2 



48^3 ■ 



dx 



y/x 



(x4 + 14x2 + 1)5/4 



dx 



dx = 



243 



r2(3/4) 



4V27r 



6x4 + 2ax2 + c 



i3(r - 1/2, 1/2) 



2'-+i/2V6[a + V6^]r-i/2 



with 6 > 0, c > 0. a > -Vbc and r > 1/2. 
[32] 



(3.21) 

[10, 132] 
(3.22) 
where 
(3.23) 



POO 


r x2 




' dx 


Vtt r(r - 1/2) 


Jo 


X4 - x2 4 


- 1 


x2 


2 r(r) 


00 


dx 






Ei!lo'^'(»7t)a' 


(x 


4 + 2ax2 4 


-1) 


m+l 


2 [2(a + l)]"+i/2 



dz(m) EE 2-2™ ^2* 



, / 2m — 2/c\ fm + k\ fk 

m — k 
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[132] 
(3.24) 

[113] 
(3.25) 

(-)" x4"(l -x)4" 



dx 



6a;4 + 2ax2 + l 2^2 y^a + y^b' 



1 + x- 



2 dx = ^-^(-)'^^l^!MKl^±^(820fc3+1533fc2+902fc+165). 

k=0 



(8fc + 7)! 



[113] 
(3.26) 



ix™(l-x)"^ y7rr(m + l)r(7i + 1) ^ 
= 3F2 



1 + x^ 



[19] 
(3.27) 



2m+n+l 

^ a;"'(l -x)" 
1 + x' 



l,(TO + l)/2,(m + 2)/2 



{m + n + 2)/2, (m + n + 3)/2 
In 72 



-1 



induced by the partial fraction decomposition 
a:™(l-a;)" 



(3.28) 



l + a;2 

3.3. The Exponential function. [11] 



nix) 



2 ■ 



1 + X^ 1 + X- 



(3.29) 
[103] 



xP ~xi 
1 - a; 



■dx = i'ip+l) - tpiq + l) 



(3.30) / cxp( -~jx)dx ^ y^ef^'^' 

J U 

[103] 
(3.31) 



, > 0,u > 0. 



/OO 
exp(— p^x^ =b qx)dx = cxp( 
-00 



[103] 
(3.32) 



+ 



da; = (-l)"^V"e''^Ei(-/3^)+^(fc-l)!(-/3)"^'^■/l"^ |arg/3| < tt, > 0, n > 0. 



fe=i 



3.4. Rational functions of powers and exponentials. [103] 



(3.33) 

[103] 
(3.34) 

[103] 
(3.35) 



—^dx = ^i.)Y^i^, + n)-^p^. 



n=0 



'° (1 + ia;)2"-i - 1 - 2"-i dx 1 , 

i e'^^ + 1 2n ^ 



2n\ 



(1 - ae^P^)^ ap'}+^ ^ ki 



T^Et^' -l<a<l,,>-l,p>0. 
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[103] 
(3.36) 

[34] 
(3.37) 

(3.38) 

(3.39) 

[156] 
(3.40) 

[103] 
(3.41) 

[175] 
(3.42) 

[175] 
(3.43) 

< 1] 



(1 + a)e^ + a 
'o (l + e-)2 ' 



dx = -7i! -r' —, a > -1, n = 1, 2, . . . 

^ (a + fc)" 



fc! p 



k=0 



oo t. 

a" 



x'^-^e— "dx = £ i^r(/3 + jp) 



(1 - e^i/^ )dx = Vtt. 



1 1 da; 



1 + x^" I a; 



-C. 



exp(nx - /3sha;)da; = - [S'„(/3) - 7rE„(/3) - 7riV„(^)] 



exp(i' Arshx - iaa;) _ J 2exp Kt,{a) ifa>0, 

yrr^ ~ \ 2cxp(^)X,(-a) ifa<0. 



3.5. Hyperbolic Functions. [6, 42] 



1 



2 7o coshx 



du 



1 



(3.44) 
[14] 

^^■"^^^ /o (62 + u2) sinh(aw) 26 

for 3ffa >0,m> niax(-3fia, -5R3a). 
[14] 

udu 1 



-rfa; = G. 



, , a6 3, , , a6 1, 
^^^2^ + 4) - ^^^2^ + 4^ 



, a6 1 , ,ab.. 



^^■"^^^ Jo (b^ + u^) smh{au) 2 

for 3?a > 0, m > 0. 
[34] 

^ ^ io feV^ 6^(2j + l)! 



4a26 
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^ ' Jo 2^t^(2j + l)! 



(3.49) 

[42] 

(3.50) 
[42] 

(3.51) 



.7r/2 ^ .77/2 

/ sinh^ {smx)dx = / sinh~ {cosx)dx = G. 
Jo Jo 



/ csch~^(csca;)d2: = / csch~"'^(scc2:)da; = G. 
Jo Jo 



3.6. Rational Functions of Sines and Cosines. [103] 

sm2nxcos^"'+^ X n 

(3.52) / : dx = -,n> m>0 

Jq sm X 2 

[57, B2b] 

(3.53) / sin™ cos" OdO = 2^e™e„^ , '"^ „, 

Jq {m + n)U 

where Ej = 1 if J is even and ej = otherwise. 

[26] 
(3.54) 

r sin" t sin^{z-t)dt = , ^ sin("+''+i)/2 zPr^^+'^+Jf (cos z), 5?^ > "1, > -1. 

io 2('^+^+i)/2r(///2 + iy/2 + 1) (/^->^-i)/2 V p 

[26] 
(3.55) 



2"r(m + 1/2) 



y/T:T{'m + n + l)r(m — n) Jq 



i sin™^"~i(z - <)dt sin" zP-™ (cos z) 



sm 



sin t \ ^ , Ti" sin //z 



(3.56) / 7 , = -l<3fJM<l. 
Jo \sin(z — t)/ sm/^TT 

[116] 

/•arcsin q , 

(3.57) / (cos (f>±Jq^- sin^ </.)"+2t,„(cos 
Jo 

[6] 
(3.58) 

[6] 
(3.59) 



r^'^ -1 

/ sinh (sina;)(ix — G. 
Jo 



I sinh (cosx)dx = G. 
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[6] 
(3.60) 

[6] 
(3.61) 

[114, p40; 

(3.62) / cos(r„(t,-x))dt = ^-^^^ Ji/„(2x"/2) _ j_^/„(2x"/2) 



/•TT/Z 

/ csch~ {cscx)dx = G. 
Jo 

j csch ^(seca;)da; = G. 



2n 



cos{T2^{t,x))dt = [J-i/(2™)(2x") - Ji/(2™)(2x™)] , m = 1,2,3. 

cos(r2,„+i(t, x))dt = ^ ^^^"+" j^i/(2m+i)(2a."'+^/"), m = 1,2,3... 



(3.63) 

/ ' 

Jo 

(3.64) 

/° 

Jo 

where x real positive, where 

Ti 1 — 71 AiX 

(3.65) r„(i,a:) = f"2Fi(--,^-;l-n;-— ), n = 2,3,4,.. 

for example T2^t^ + 2x, T3 = + 3tx. 

3.7. Trigonometric and Rational Functions. [6, 42] 

1 X 

^ ^ 2 Jq sinx 



[6] 

(3.67) ^ = G - J log(l + 73). 

4 70 sm a; 8 



^2 /•! 1 
— / {x ~ -) scc{nx)dx — G. 
4 Jo 2 



[6, 42] 
(3.68) 
[11] 

2S+2 |-7r/2 

(3.69) / a: cos* a; sin(sa;)(ix — 7 = '0(s + 1). 

TT Jo 

[103] 
(3.70) 

[53] 

(3.71) 

1/2 



j tanxdx = 27rG - -C(3), to = 2. 



n . ^ n\ ^ (_)(fc-i)/2 ^(fc) (-)" + 14n!(l-2-"-i)^, 

2" ^ tt'^^ {n~k + l)\ 2 27r "+i ^' 

A:=l,feodd ^ ' ^ ' 

where 7?(s) = (1 - 2i-")C(s). 
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[136, p 6] 

/■°° cos{xy) (yY 1 

(3-72) [a^+,2y+,/2d^ = V^[Ya) r(. + 1/2) 

[136, p 10] 
(3.73) 

, ,j a'^-^M-i /I 1 1 1\ ^^j/+l I/ + 1 1 a2y2^ 

, — r- — -- COS ax = B — ! — v^ii V ^ — i i<o ; M, — , 

(a2+x2)A'+i ^ ^' 2 V2 2 2 2/ ^ 2 ' 2 ^' 2' 4 ' 

(3.74) 



„ M + r(-i/-^--)iF2(/^ + l--;Ai--+o;— ;— )■ 



r(l + //- if/)" '2 " 2'^ 2'" 2 2' 4 

[103] 
(3.75) 



(/32 + x2)»+i/2 2"/3"r(ri + 1/2) da2' 
[136, p 116] 



-{a"i^„(a/3)}, a > 0, 3?^ > 0, < TO < n. 



(3-76) ,(,27l")li/2 ^"- - ^[K.L.-^iay)+LAay)K^-^iay)] 

where L are Struve functions. 
[6] 

1 /""/^ a;2 7 
(3-77) — / - — - — C(3). 

[42] 

/•V4 2 11 

(3.78) / — ^dx = G'-— 7r2 + -7rlog2. 



[6, 42] 



^^"^ X CSC X „ TT . 



(3.79) / ■ — = G+-log2. 

cos X + sm X 4 



[6, 42] 







'^^'^ xcosx 



(3.80) -2/ ^ — = G- — --log2. 

^ ' ' cos X + sm X 8 4 



[6, 42] 



'^/^ xsinx 



(3.81) 2/ : =G+ — --log2. 

Jo cos X + sm X 8 4 

[42] 

(3.82) ^ -^dx = G- i^log(2 + V3). 
4 Jq smx 8 

[9] 

(3.83) r x- cos-- (X + b)dx . V f 2" sin[.p/2 (2^ + 1)5] 
^ ^ ^ 22" ^\^n-fcy (2fc+l)i-J' 



YET ANOTHER TABLE OF INTEGRALS 



53 



[9] 



[9] 



to OK\ f°° -P 2n+l , r(l-]3) . fTrp\^ Cn^k) 

3.85 / X ^ cos xdx ^ — sm — > -— — 

Jo 22" V 2 / ^ {2k+iy-P 



for < p <l. 
[9] 



(3.86) 



■^0 7 — n 



(2n+l\ 



for < J? < 1. 
[9] 



for p > 1. 
[9] 



2pJ fr'.i^k + iy/p 



roo 1 / I 1 \ / _ \ " /'2n+l\ 

\k \n-kJ 



(3.88) sin-+^ x^dx = (^) sin (|-) ^(-1) 



..0 (2^ + 1)^^^ 
for p > 1. 
[9] 

.77/2 Lp/2J 

(3.89) / x^ cos^"^ xdx = y2 an,p,p+i-2]'n-''~^^~'^^ + Sodd.p ■ a^p, 

where for p >2 and < j < [p/2j 

an,p,p+l-2, - 22»+P+l(p + 1 - 2j)\ ^ • • • fc2 ■ 

^ ■" l<ki<k2<-<kj<n 1 2 j 

and a* p is a similar multinomial sum. A similar form exists for odd powers of the 
cosine. 
[103] 

(3-91) f sin--^ x-^ ^ ^e-(-+^)^ £(-1)"-^- (^^^ + 



[103] 



[63] 



/(a, 6)= / ( 1-^^ 
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then 

with special cases 

) h\ - 

2*'(6+l)! 



(3-94) ^(2-^) = w^ E i-irH:)ib-2kr\ 



k=0 



(3.95) /(a,l).-!L£££(W2) r ^-3/2(1 _5m^)^^_2V2^ 



2r(l + a) Jo ' X ' 3 ' 

, , 7r2"^iscc(7ra/2) f°° sin^cc, 16^^F 

(3.97) 

(3-3^+°)^sec(7ra/2) ^ _3/2n sin'^,, 2 /- ^ 
'^"'^^^ miTa) X " / (l__^)d, = _(9V3-l)V2;^. 

4. Definite Integrals of Elementary Functions II 
[153] In terms of the constant (0.100) we have 

(4.1) r^iog(i+.)<i.=^, 

./n u 360 



(4.2) / ^^log{l^u)du^-^- 



45' 

du = — , 

u. l~u 24 

(4.4) f'^loe{l + u)du^A,-^ 

Jo u 288 



(4.3) / i^logi±^du " 



(4.5) 



/ log 1 - u)du = — — , 

Jo u 180 



log M , 2 1+" 

— log - , 

w 1 — u oO 



(4.6) / ^log2^d« = 2A4 



(4.7) /'ilog3(l + u)(iM=^A4 



w 

1 



2 960' 

(4.8) / ilog3(l-^,)du = -^, 
[153] 

(4.9) f^^\og{l + u)du = ~-m). 

. n U 4 
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(4.10) l']^iog{l~u)du^m, 







2/ ln|l - siiix|rfa; = -7rln2 - 4G. 
Jo 



4.11 / ^log- du^~-C{3), 

Jo u 1-u 4 

(4.12) [' -log'{l + u)du=]c{3), 

Jo u 4 

1 

(4.13) / -log^(l-u)dw = 2C(3). 

Jo w 

[103] 
(4.14) 
[42] 

(4.15) -2/ log(2sina;)da; = G. 

Jo 

A factor 2 is missing in [6]. 
[42] 

4.16 -/ log- dx = G. 

4 Jo 1 ~ cos X 

[42] 

(4.17) - / log- —dx^G. 

4 Jo 1 — sm X 

[103] 

(4.18) / (lntan2;)2"da; = (7r/2)^"+^ |£:2„|. 
Jo 

[103] 

(4.19) / = , < a. 



(a; + aY a 



[6, 42] 



(4.20) 2 / log(2cosa;)dx = G. 



r'^. , ,/■',, dx TT^ /r(3/4)y2^' 

f In In tan xdx = / In In — ^ = — In — -- — 

./4 Jo \xjl + x' 2 I r(l/4) 



[11, 133] 
(4.21) 

[6] 

-^^^ + 1 



(4.22) - /' Mfldx = G. 
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[52] 

(4.23) 

[11] 
(4.24) 



\ogt 



dt = 



1 - (1 - i)(l - m) l- u 



■ Lia - 



u-l 



1 /n-l 



/o (l + i)«+i ?i 

[4] 
(4.25) 

[4] 
(4.26) 

[11] 
(4.27) 

where 
(4.28) 
[133] 

(4.29) 



|C.(2) 



1 iZ-l 



{p-iy.Jo (i-ty- ^ t p 



2, z, . . . , z 
z + l,...,z + l 



r(i-z)r(p)7o (i-t) 



1 i2-l 



logP-\t)dt 



-dt 



go{x) +Pn{x) Inx- ^ 



(l + <2)"+i 22 

(7o (X) = in a; tan ^ ~ 

Jo * 

°° \n^-^xdx (-)"(n-l)! 



A:=0 



dt. 



tan ^x+pfc(a;) 
2F+I 



{x - l){x + a) 1 + a 

L«/2J 



{[l + (-)"]C(n) 



^ (^^.j(22^ -2)(-)^B2,7r2^1og"-^^a} 



for n > 2, a > 0. 
[162] 

(4.30) - 2t 



^ (1 - xy+^ iog(i - x) 

(l-te(l-x))3 



where Cn{j) ~ (^"^"') /("- + 1) a-rc Catalan related numbers. For t = 2 the integral 
becomes a sum of G, C(2), 7rln2, tt and 1 with rational coefficients, and similar 
results are given for i = 1/2. 
[20] 

log(l + x) 



(4.31) 



rdx 



Iq 1 + a: + a;2 
where i_3(.s) is a Dirichlet series [160, A086724]. 
[11] 



i(l + i)logi 3 

1 + ^3 dt---L.,{2), 



(4.32) 



Int 

(T+t^" 



+1 



= -2" 



fc=0 



f +Pfc(l) 

2fc + 1 
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where 
(4.33) 



[6] 



2 



[52] 



(-1)* 



(4.35) {-ly+^n f\l-tr-HogPtdt = plJ2(t)' 

•^0 k=l ^ 

[52] 

/•I 1„„2^ °° j:r(l) 

(4.36) / -^dt = V^=2Li3(0-2Li2(t)logi-log(l-i)log't + c 

where h!{'> = X;Li ^f- 
[52] 

(4.37) r^d. = -6C(4). 



1 - u 



[179] 



(4.38) / dx = n/A. 

Jo + In (2 cos x) 

[179] 

(4.39) / ln[a;^ + ln^(2cosa;)]da; = 0. 



J hi[.T^ + ln^(2e"° cosa;)](ia; = a;ln -, 



e" - 1 



[179] 

(4.40) 
and 

/"r/a TT / 1 1 

(4.41) / hi[.T2 +ln2(2e"°cosx)]cos2a;dx = - 1 ' 

Jo 2 \ a 

where b = min(a, In 2). 
[179] 

(4.42) / ln[2;^ + ln^(cos x)](i.T = - lnln2. 
Jo 2 

[179] 
(4.43) 
[179] 

(4.44) / — "r"" — rf^ - 1 - I 

^ ^ Jo a;2 + ln2(cosa;) 2 V 1112; 



r^f2 TT 
/ hi[x^ + In^ (cos a;)] cos 2xdx 
Jo 



In 2' 



'^/^ Incosx , _ ^ A _ ^\ 
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[179] 

(4-45) / , . , 2, -dx = 



x2+ln(cosa;) 4 In 2 



[179] 



(4-46) / -^^-^777— T^^ 



[179] 



''/^ xsin2x ^ _ IStt 
+ ln2(2 cos a; 48 ■ 



(4.47) / ^_L_^^d^.^__ + ^^^i7(ln2-a), 

and 

(4-48) / ^-TTT-— ^^^=7-2+-r l-73^^M^an2-a), 



/o x2 +ln2(2e-'^cosx) 4a2 4 V (e" - 1)^ 

where -ff is the unit step function. 
[11, 179] 

4 x^dx _ 1 

71- io a;2+ln^(2 cosxl ^ 



(4-49) - / , . , : = + ln(2^) - 7)- 



[11] 
(4.50) 

1 ^2+ ^ + Ml-^-)~7-ln« ^^_ /^-a*i^r(t)dt 

7r7o a;2 +ln2(2e-''cosx) a 1 - 1 - e-'' 7o 

7 a + ln(l - e-") +r(0,a) 1 /"^ , , 

a 1 — e ° 1 — e " Jo 

where < a < hi2. 
[11] 

(4.52) - / — = ^ + / e-V(t + l)dt 



TT Jo + ln^(2e"'"cosa;) a 

where a > hi 2. 
[11] 

x2hi(2cosa;)da; _ It: 7rhi27r C'(2) 
^ ■ Jo (x2 +ln2(2cosx))2 " 192 ^~96 Tg^' 

[179] 

^'■''^ h IZ ^?iV^^^!/ - ^ ^[1 + ln2. - .(2, + 1) - 2h.r(, + 1)] 

with 3fi/3 > -1. 
[179] 

(4 55) (l+exp(-2zx))/^ _ . 

i_/2ln(l+exp(-2zx))'^"-2(^ + '^)- 
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4.1. Logarithmic functions of compound arguments and powers. [6] 

ilog(^(l-x)) 



(4.56) 

[6] 

(4.57) 

[32] 
(4.58) 



+ 1 



Mog[l(l-x^)] 
a;2 + 1 



= G. 



G. 



/>oo 


1 




/o 




h 1. 



In- 



dx _ Vtt Tlr)T'{r - 1/2) - T{r - l/2)r'(r) 



a;4 - a;2 + 1 a;2 2 



r2(r) 



[32] 
(4.59) 
[32] 

(4.60) 



2 X^ dx TT TT^ ^ 1 2 , 



OO -1 

^ In^ — ^ = -(— + 41n-' 2). 



/>oo 






+ 1_ 



In ^ ^G(r)[V(r - 1/2) - ^(r) - 2 In 2] 

.T^ + 1 4 



where G = 2^-'^''B{r - 1/2, l/2)/V7r 
[32] 

2r 



(4.61) 



/•OO 


a; 


/o 


x2 + 1_ 



In 



X + 1 



dx = ^G'(r) 



:e2 + 1 x'^{x^ + 1)"""" 4 



where G ee 2i-2'-S(r - 1/2, l/2)/V7r 
[32] 

2r 

(4.62) 



i>oo 


X 




x'^ + 1 



where G" = G{r)[i''{r - 1/2) - V^'lr) + (V'(r- - 1/2) - V(0 - 2 In 2)2] 

7 + Ina 



[11] 
(4.63) 



e "^Inxda; 



[11] 
(4.64) 



In a; 



+ e ■■^ — 1 



dx = hrln — 



1 \ da; 



27r /5 



ln27r-lnr ( - 
6 



[105] 
(4.65) 

where 
(4.66) 



a;/ 1 - a- + a'2 ^3 
^ I e-'^'-'x-^-^ liT xdx = v) + (^"'j t],^ "' («' ^) 

0(a, ;/) = '0('^) ~ In 



(4.67) 7y,(i.) = (-1)-'" ^(j-;0,fc2,...,fc,)*C'^(2,z^)---C'^(j-,^^), 



60 RICHARD J. MATHAR 



oo ^ 

(4.68) c(fc,^)=E77-^' ^-^2. 

[9] 

poo I — 

\ log X cos2"+i x'dx^^ + 27 + 4 log 2) V 

•^0 ^ fc=0 



2n + 1\ 1 



n-k ) V4fc + 2 



^ /2n + 1\ log(2fc+ 1) 



[11] 
(4.69) 
[11] 

(4.70) / a;2ln(2cosx)dx = --C(3). 



/ a; ln(2 cos x^dx = — T7C(3) • 
Jo 16 







[11] 



(4.71) / x^\^(2zo^x)dx = ^C,{^) 

Jo 



W ' 1440 



[49] 



(4.72) / x''ln^(2cos2:)<ix 
Jo 

[49] 

(4.73) / 2;2ln^(2cosx)da; 
Jo 

[49] 



8064 4 



r(3). 



4480 



(4.74) 

/ a;Mn(cosx)siii[(p-l)x]cosP"^xd.T = 2"(p+6) [607*-607^7r2+7r''+607(7r2-272) In 2 

Jo 15 

+60^lj'"{p) + 60{-{TT^ + 6-f{-j+ln2))^l}^{p) + {Aj-2\n2)i'^{p)+i:^{p)+6j\n2i:'{p) 
- S[^'ip)r - 2(7 + In 2)^jj"{p) + (87 - 4 In 2)C(3) + V'(p)(47^ - 277r2 + (tt^ - 67^) In 2 

+ 61n2^'(p)-2V'"(p) + 8C(3))}]. 

[6, 42] 

(4.75) / log(cot x)(ix = — / log(tanx)dT = G. 
Jo Jo 

[69, 125] 

(4.76) / In In tan xdx = — In ^ "^ "^ . 
A/4 2 1(1/4) 
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[125, 3] 

(4.77) r.^loglogidx = -^ + ^°s(^' + ^) 

7o a; 



J + 1 



[3] 
(4.78) 

for Sftp > and SRn > 0, and a similar expression if (1 + x")^ or (1 + a;")'^ are in the 
denominator. 

[3] 
(4.79) 

[ YT^ ^°Slog -dx - — [log(2n)+7] (^^(r/2) - V'(^) j +^ (C'(l, '^/S) - C'(l, {r + l)/2)) . 

[3] 
(4.80) 

x^-'^—^^og\og-dx = -[log(n)+7] U{p/n) ~ ^(P±l)')+i (C'(l,p/n) - C'(l, (P+ 1)/^^)) • 
1 — a;" X n \ n J n 

[125] Lot 

_ x^ loglog 1/x 



(4.81) -Rmj(a)= / 

and (Eulerian numbers) 



(x + a) 



, 1 f^a;, 

m+l ' 



(4.82) ^™.-E(-)'(™^^)(j-fcr 

and 



(i + ir+i 



defined via polynomials 



(4.84) T^{x) = E(-)-'A,„+i,,+ix^ 
then 

(4.85) i?™ = (1 - 2™)C'(1 - m) - (-)"(7(2™ - 1) + 2™ log 2)^ 

m 

where Bm are the BcrmouUi numbers. The Rm,j are then recursively 

(4.86) i?o,o(l) = -(log' 2)/2; i?™,o(l) = - ^4^i?™„fc.o(l), 

(4.87) i?o,o(a) = -7log(l + 1/a) - Li'i(-l/a); Li',(.T) = - ^ i^x", 

n> = l 
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and for m > 
(4.88) 

-Rm,o(a) = — 



7 ^p.5i(m,j)r,_2(l/a) 1 



■E 



^S'i(m,j)Li'i_^(-l/a), 



where 
(4.89) 



and the signless Stirhng numbers of the first kind are Si{m,j) as in (t), 
Y^^=i Sj(ra,j)P . For larger parameters m then 



(4.90) 

[125] Let 
(4.91) 
then 

(4.92) Z?o,o(l, 



Rmfl{a) = '^aj.r{a)Rm-r+jj{a), aj>(a) = (- 



log log 1 /x 



-dx. 



(a;2 - 2rx cos 9 + r2)™+i 

r(l -6l/27r)' 



2 sine 

(4.93) Do,o{r,9)^ ^tan-^ 



(1 - 6'/7r) log27r + log 



7 sine ^ 1 ,^,e t:// -te 



r sm ( 



r — cos 9 ~^ 2ri sin 



r{9/2TT) 

(Li;(e'7r)-Li;(e-'70)-, 



(4.94) 



7 , — 2r cos + 1 
2 



sm ( 



1 



DoAr,e) = log 7"" ' ^ -7C0tetan'^ ^lll^ + ^^^^[$'(e'7r, 1, l)-$'(e-^7r, 1, 1)]. 



(4.95) 
[125] 

(4.96) 

[125] 
(4.97) 



' log(l - x) 

X 



1 d 
2rm sin 9 89 



r — cos 9 2ri sin ( 



Dm~i.j~i{r,9), m,j>0. 



loglogl/xd.T = / logtlog(l - e-*)di = - C'(2). 



' Mi±^ log log 1/xdx = ^(log 2 - 7) + C'(2)/2, 
a; 12 



and other examples involving the kernel log log 1/x. 
[69] 



(4.98) 



g"ln(sin^<7)dg = -— ^+n! ^ 



(-l)7C(2fc + l) 



fe=i 



(27r)2'^(ri + 1 - 2k)l' 



[74, 121] by differentiation of [84, 3.761.4] w.r.t. the parameter 
(4.99) 



sin a; , , tt 1 
In xdx = — 



2[r(s)sinf]2 



. . STT TT^. . ITS' 

r'(s)sm— + -r(s)cos — 
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(4.100) I ^ .d. = . ^^^^^ .^^ {V'is) s:n - + -r(.) COS -} 

r"(s) sill — + ^r'(s) cos — - — r(s) sin — 



2 [r(s)sin2^]3 I'' 2 2 4'' 2 

[101] Define 

( _\n+p—l pi 

(4.101) Sn,p = , / log"-4lo8^'(l - t)dt 
then 

(4.102) = = i^T^ ■ ■ ■ CM, 



where 

(4.103) Hp(mi,...,mfc) = ^ 



Pi 



mi \ / mfc 
Pi/ VPfc 



the sum over over all sets of integers wliicli satisfy mi > 2, X]i=i ^ + P7 f-i^d 
the sum over over all sets of integers which satisfy 1 < pi < rrii — 1, X]i=i Pi ~ P- 
Examples with Sn,p = J2^=i{~)'''^^'^k{n',p)/kl are ai{n,p) = {n + p — 1)!C('^ + 
p)/(rilpl) or a2{n, 2) = X]"=2 C(^)C('^ — + 2). The reference provides an explicit 
table for n,p < 4. 
[102] 

(4.104) r„p = / log" cosx'log^sinxcZa;; 

Jo 

(4.105) rio = -|log2, 

(4.106) r,, = ^(^-^+log'2y 

(4.107) ^20 = |(^^+log'2), 

(4.108) ^21 = |(^-log'2 + icO 

(4.109) = f + log' 2 - C(3) log 2 
[52] 

log w /u — 1 \ 17 , , 

(4.110) T^Li.(--)d.^-C(4). 

[52] 

(4.111) _ f^U,^dl-t)loEt,^^f^H^ 

Jo i-t ;s 

where H^^'^ = X;Li if- 
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^— = - [Li2(l - i)J +c 



2p 
J=2 



1 loga: 1 f"" logx 

idx = — / ^ — ■=ax 



^ / log( ^^^) , \ = G. 



1 da; 

- / log( : ) , = G. 

2 Jo l~smx cos a; V cos 2x 



(x + l)log. ^^^^^ 



4xv65 — a? — T 



ttX - — - / —(XX — Lz. 



l + a'2 1 + ^2 



^ 1-x da; 



\ ,l-x^ dx 



oo 



a; + 1 , dx 

- = G. 



1 + a;2 4 



- Mog(l + a;2) ^ 1 1 o 

^^-^d.^ G--.log 2. 
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[42] 




(4.124) 


2 log a; , ^ 1 , „ 

-/ — ^ dx = G- -n\og2. 

J I X\ x'^ — 1 2 


[42] 




(4.125) 


f ' 1 

/ log(cosx + sina;)(ia; = G — -7rlog2 
Jo 4 


[42] 




(4.126) 


2 io 1 + 2;^ 


[42] 




(4.127) 


'""'^dx^G. 



- / da; = G - -^log 2 + ^3 . 

2 7o a; 8 

/•I X 

- / (taiT^ xfdx ^ G TT^ 7rlog2. 

Jo 16 4 



4.2. Inverse Trigonometric Functions. [6, 42] 

(4.128) '-f'-^ = G^Um- 

[42] 

(4.129) 
[42] 
(4.130) 

[6, 42] 

(4.131) / — — -dx = G 

Jo X 

[42] 

/■I I 

(4.132) 2/ (-TT-tan-^a:)- ^ = G. 

Jo 4 1 — a;" 



^ tan -'^ a; 



[42] 



^ sin "'^ X , „ 1 



(4.133) - / -^==dx ^G--7r log(l + ^2) 
[81] 

(4.134) / tan-i-==.^== = -[.9(a,&)+5(6,a)] 
Jo vl + a;"^ vl + a;-^ ^ 

where 

(4.135) 5(a, 6) = tan"! - ln[4(a2 + 1) - '^°^"" + ^ ] - 2r] \n{Va^ + 1 - a) 

a 2a^ + 1 

- Cl2(2tan-i -) + i Cl2(4tan-i - - 2??) + ^ €12(277) 
a Z a 2 
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and 

(4.136) ?7 = tan"^ 



ab 



+ 1 -a+ l)a2 + (Va2+T -a- l)b^ 
4.3. Multiple Integrals. [20] Let 

(4.137) C„^l^^ ' 

n! 

then 

(4.138) 

see (4.31.) 

[20] Let 
(4.139) 

4 

D„ = - 



C2 = 1; C3 - i-3(s); C4 = 7C(3)/12 



OO /"OO 



^0 



n,<,( Ui -\-Uj dui dun 1 



n»<jtanh"[(a;, -Xj)/2] 
(coshxi + • • • + coshx„)^ 



— / / tan (sinxsmy) — G. 

TT Jo Jo sin X 

1 /"i /"'/^ deida; 



"'0 



\/l — sin^ I 



G. 



then 
(4.140) 

£ii=2; L'2-1/3; = 8 + 47rV3 - 27L_3(2); £'4 = 47rV9 - 1/6 - 7C(3)/2. 

see (4.31.) 
[42] 

(4.141) 

[42] 

(4.142) 

[42] 

(4.143) 
[42] 
(4.144) 
[42] 
(4.145) 
[42] 
(4.146) 



n7r/2 



Vl - a;2 sin^ OdOdx = G+-. 



' ^^tan-(.y)dxdy^2^^_7^^3^_ 



/o 7o l + x'^y'^ 
tan^^x 



7 



dxdy = 2ttG~ -C(3). 



/o Jo l + a:V " 2^ 



[30] 
(4.147) 

/•^/2 tan(0/2)d6id0 tt 



/o ^1 - a; cos^ 9 cos^ 4 Jq y^l - (1 - x) sm" 



d0 



i + - logx 



7r/2 



VI 
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[6, 42] 

(4.148) 

[89] 
(4.149) 

Jq 



1 dxdy 
4^0 Jo ^{l-x){l-^ x + y 



G. 



11 \u-t,\ 11^, {i-t,y dt, = [[ r(x + y + (n + j-2)z)r(. + i) ' 



where n is a positive integer, x,y, z arc in C, and SRa;, 5Ry > 0, 5Rz > — max{l/n, 3fix/(n- 
l),3?j//(n-l)}. 
[52] 

2 



(4.150) 



(1) 



r (■ 

1 '■1 Lig_2[(l -i)(l -u)]logHogududt _ >^ 

n— 1 



Jo 



{i-m-u) 



where i/^''^ = Y2=i W- 
[52] 

(4.151) 



logtlogu dudt _^\^ 
Jo l-(l-t){l~u) ~ ~ 



(1) 



where H^^'^ = X;Li P^- 
[52] 

(4.152) 



"'0 



log[l - (1 - t)(l - u)] log i log w dudt 



(1) 



E 

n=l 



where i/i''' = ELi W- 
[52] 

(4.153) 



(l-t)"^^logtdt / (1 -u)"^MogMdu 



where M''^ = Y.l=i w- 

[9] 
(4.154) 

°° cos^"+i(x + y) 
xPyt 



JO 

[9] 
(4.155) 

[9] 
(4.156) 



, , rn ^rn a ^(p + g) ^ + 1^ (2fc + 1)^+1-^ 
dxds = -r(l-p)r(l-(7) cos 2^ , ^5;^ 

k=0 ^ ^ 



00 /'C30 



Jo 



CO /'OO 



JO \/xy 



cos{x + y) Tr{p + q) 
———dxdy = -r(l - p)T{l - q) cos , 

log a; logy 2 
cos(x + yjdxdy = (7 + 2 log 2)7r . 
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[9] 

(-)'^"7r"/2 (^^^ neven 
2^ ^l^V'n "Odd 



(4.157) / (cos||x|p) . JTloga-jdV 

JRl ..-1 



where A„ = n{n + l)/2 and ^/-n ee (7 + 2 log 2 + 7ri/2)"e'^"/^. 
[88] 

(4.158) / / {-InxyYdxdy ^T{s + 1)—-^—^ ^ ' ' ^ 

Jo Jo 1 - u-v 



(4.159) / / {-InxyYdxdy ^T{s + l)^{z,s + 2,u), 

Jo Jo ^-xyz 

where 

°° fe 1 /.oo -{u-l)t 

(4.160) $(z, 5, u) = 5] ^— — = — / — t^-'dt 

^ (it + ky r(s) Jo e* - z 



is the Lerch transcendent. 



1 /.I 1 



(4.161) / / — :dxdy = G-—, 

Jo Jo l + xyt 48 



[88] 

'o Jo ^ 



(4-163) / / = 



(4.164) r r th:!^axdy . ("+^)'^'"+-^-), 

Jo Jo 1 - 2:yz z 



(4.165) rr, -\, 



"'0 



(1 — ccj/z) In a;?/ 



(4.166) / / \- dxdy = \n2, 

Jo Jo (2 - xyz) in xy 

[88] 



/"i-lnxy, , 7C(3) 7r2ln2 In^ 2 
(4.168) / / -dxdy = — + — -. 



Jo 2 — xy 



YET ANOTHER TABLE OF INTEGRALS 



69 



1 .1 _^ 



4.169) / / dxdy = \n^, 

Jo Jo {ip-xy)\nxy 



1 rl 1 



4.170) / / d.Tdy = — -ln>, 

J a Jo V^xy 10 



4.171) / / \- dxdy = \n^, 

Jo Jo W - xyjlnxy 

etc where 

4.172) ^=(l + V5)/2. 



4.173) n\ '-J^y dxdy^lln^l 

' Jo Jo i8 + xy){9~xy) " 2 8 



4.174) / / Jf^ -(ia;d?/= — + 31n22 + 21n^3-61n21n3. 

^ Jo Jo i2 + xy){9-xy) 3 

etc [88] 

4.175) r C ^^^^^^^dxdy = r(s + 2)C(s + 2), 3?s > -1. 
Jo Jo 1 - xy 



4.176) 

1 rl 



^ ^'^^^^''-dxdy^T{s + 2)C{s + 2),^s> ^2, (*(«) = (1 - 2^^")C(s)- 



Jo l + xy 



'■^ ' InxyY 
lo Jo l + a;2?/2 



4.177) / / \ ^ J'^ dxdy = T{s + 2)^(s + 2), jRs > -2. 



1 .1 1 



4.178) / / da;rfy = C(2). 



"'0 



l-xy 



4.179) /' /' -^^dxdy = 2C(3). 

Jo Jo ^-xy 



1 .1 _i 



4.180) / / ,^ ^ , dxdy = n/A. 

Jo Jo [l + x^y^)\nxy 

88, 42] 



1 .1 1 
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[88] 
(4.182) 



1 /.I 



Inxy 



Jo l + a^^y 



dxdy = —. 



(4.183) 



LJ^lII^dxdy ^ r{s + i)^£^M, > -2, 5Rz ^ 0. 



Jo 1 + x^y^z^ 



z 



(4.184) 



1 -a;2y2tan2(7r/8) 



-dxdy 



TT^ In^ tan f 



16 tan f 4tan^ 

o o 



(4.185) 



dxdy = m — . 

iQ Jo —Inxy u — V v 



(4.186) 



/o Jo -Inxy u 



(4.187) 



JQ il + xy)lnxy 



dxdy = In 



i_ r(V2)r(^) 
u-v r(t-/2)r(^) 



, u> 0,v > 0. 



(4.188) 



_d^yl:^dxdy = - 

lo Jo {l+xy)\nxy 2 



(4.189) 



1 + x 



Jo -il + xy)\nxy 



dxdy = InTT. 



(4.190) 



1 /.I 



^ dxdy = In-. 

lo Jo -{i + xy)\nxy tt 



(4.191) 



-dxdy ~ In ■ 



Jo (l + x2y2)lnxy ^ r2(3/4)- 



(4.192) r r^r^:''d.dy--^(-)--^(-) 



1 



Jo l-2;y 



w - w Jo Jo ^'Xy 



-dxdy — ip'{u). 



1 /.I 



(4.193) 



^ -dxdy = 



Jo il-x^y^) 373- 
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1 ^1 

.u—l^,v—l / 



JO 



(4.194) / / x'^-'-y''-^{~\-axyYdxdy ^V{s + l)- 



u^ V 



and others of similar shape. 
[37] 

(4.195) W„(2fc) = { a ^ a 

^ \ ai, . . . , a„ 

a\+a-2^ |-an=fe 

where the sum is over all compositions (unordered partitions) with n terms, and 



(4.196) W^„(s) 
[37] 



[0,1] 



E 

fc=i 



(4.197) W^3(fc) = 3?3F2 1 i' I 4 

[37] 

(4.198) 

H'4..^~-E(-rCr)i:i#(':) E (..„^.,. 

m>0 ^ ^ A:=0 ^ ^ ai +02 + - • •+a„ = fe ^ 

5. Indefinite Integrals of Special Functions 

5.1. Elliptic Integrals and Functions. 

5.2. The Exponential Integral. 

5.3. The Sine Integral and Cosine Integral. 

5.4. The Error Funcation and Fresnel Integrals. 

5.5. Cylinder Functions. 

(5.1) j x'^ Zi,^i{x)dx — —2x'^ Zi,{x) + A j xZ^{x)dx + J x'^ Z^^i{x)dx, 

by partial integration of / xZ^dx with [84, 8.471.2], where Z is a Bessel Function. 



(5.2) j x^'+^Z^^i{x)dx ^ x^'+'^Z^{x) + j x''Z^{x)dx, 

fi 7^ —1, by partial integration of J x'^Ziydx with [84, 8.472.1], where Z is a Bessel 
Function. Equivalent formula for spherical Bessel functions jri(-z) = \/ ti"/ (2^;) J,i+i/2(^): 

(5.3) (n - m) / x"j„(a;)dx = / x'''+'jn-i{x)dx - x^'+^Ux). 



(5.4) / x''+^Z^+i{x)dx = -.T^+^Z^(a;) + + I + v) I xi'Z^{x)dx, 



jjL 7^ —1, by partial integration of J x^Z^dx with [84, 8.472.2], where Z is a Bessel 
Function. 
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[140] 
(5.5) 

sin{x)Z^{x) 2[(2i/ + 1) sin(a;) - 2a;cos(a;)] 4a;^/^ sin(.T) 

^575 ^ a;i/2(2z.-l)(2i.+ l) (2z. - l)(2z. + 1) '^+^^''^ 

where Z is a Bessel function J ot Y . 

[140] 
(5.6) 

cos{x)Z^{x) 2[(2i/ + 1) cos(x) + 2a;sin(x)] 4x^/^ cos(x) 

^575 " xi/2(2z.-l)(2i.+ l) ''^'^^"(2i.-l)(2i.+ l) '^+'^^^ 

where Z is a Bessel function J or y. 
[140] 



(5.7) 



Zi,{x)Z^{x) _ 1 + ^ + + 2/ii^ + + fi^iy - ^2 _ ^3 _ j,2 _ ^^3 + 2a;2 
CiX — — — — ^ Zj,,Zj\ 



x{-\ + /i - i/)(-l + + i^)(l + ^ - v)[\ + + 

7i ^71 i — r^M^i^+i + 71 \7i~ r^^/j+i^i^ 

(1 - /i - i/)(l - /.J + I/) (1 - ^ - z/)(l + ,u - I/) 

2x - 
" (1 - M - J^)(l - /i + J^)(l + M - + A* + i^) 

[140] 
(5.8) 

Z^(x)Zt,(a;) _ (2 + + i^)(4^ + 4t^ + jU;/^ + ^I'^v - fi^ - + Ax'^ - 
^3 ^ a:2 (/i + jy) [i.2 _ (2 - ^)2] [1,2 „ (2 + ^)2] M 



4^l^2 _)„ 2/i2l/2 _ 4^2 _ 4^3 _ ^4 ^ 4^2 _ ^4 ^ g^2 

:e(//2 _ z.2)[j,2 _ (2 - /i)2][l.2 _ (2 + ^)2] 
AlI^U + 2/x2l/2 + 4/^2 - ^4 _ 4^2 _ 4^3 _ ,^4 _^ g^2 



a;(At2 _ ;,2)[^2 _ (2 - /i)2][i.2 _ (2 + ^)2] 

4 



[-.2 + (2_/,)2][_,2 + (2 + M)2]^^+^^^+^- 

[140] 
(5.9) 

£^ 1 + 2^^+2x2 2^ 2x 2 

^'^^ ^ (4.2-1):, Z.{^)-^^Z^{x)Z.^,ix)-^-^Z^^,{x). 

[140] 

f Z^ _ -9^6iy + x^{6 + 16ty + 8.2) + 35^2 _^ 24^^^ + 16x^ ^ 
(5-10) y -^dx _ 3x3(1 -4.2)(9- 4.2) ^-^^^ 

2(-3 + 4. + 4.2+8x2) 2(1-4.2-8x2) 
3x2(1 -2.)(9- 4.2) ^-WZ,+uxj 3^(1 _4^2)(g„ 4^2) 

[140] 
(5.11) 

/ x2zf/3(x)dx - (-la-- J^)z3/3(x)-yZi/3(x-)Z|/3(^) + (^+a^-')^V3(2^)^4/3(x) + ^x2z|/3(x). 
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[140] 
(5.12) 

[140] 



i^^^ = (24 + 2^ + + 378)^3^^) + ^216 + 27;^^ + 378^ 

X 1 1 4 



where Z and Z are Bcsscl functions J or Y. 
[140] 

(5.14) 

x'Zfj^{x)Zt,{x)dx = Aoo{x)Zfj^{x)Z,,{x)+Aoiix)Zi_,{x)Z,,+i{x)+Aio{x)Zi^+i{x)Z^{x) 

+ Aii{x)Z^,+i{x)Z^+i{x), 

where Z and Z are Bessel functions J or y, where 

_ X 3 , 3 + M + ^ p2, -7 - 3/i - Sz. - 2^.^ + + - 4.t^ 

(-2 - - - 2^iiy + /i^ + i/^ - 2^^) 3;'+^ 

' -^11 ' 



2.t2 (yu + i/) i-i + ly' 



-D^An + 777-^ :prD^An 7^ T^ DAn 



4 + /ii^2 _ 3^2 _ ^3 _ _|_ 22;2 ^ ^ ^i+2 



a;(/i2 — i>^) — V 

x^ 3 3a; , 7 - _ 3j^2 4^2 
= 2(^2-^.2)^ ^11 - 2(^2 _ ^2)^-^11 + 2(^2-^2) ^^11 

4 + ^2j^ _ ^^2 _ 3j^2 _ j^3 ^_ 2^:2 ^'+2 



x(/i2 — J/2) fl^ — 1/'^ 

n 

Aii{x) = x'+3 



^2n 



, ^ 2(^ + 1) 

° (/ + 3)4 - %{l + 3)3 + 2(12 - ^2 - i^2)(/ + 3)2 - 8(/ + 3)(4 - - i^^) + [(2 - ^)2 - u^][[2 + /i)2 - 1.2 

{(3 + 2?i + 0'*-8(3 + 2n + /)3 + 2(12-;u2-jy2)(3 + 2n + 0^-8(3 + 2n + /)(4-/i2 
-v^) + [{2-nf-v\{2 + iif-v^]]dn = -4{l + 2n + l){2n + l)dn-i,n > n > 0, 
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and dri = if n > n'. 

0, 1 = -1 

■y — 1, / < — 1, even 
l<-l,odd 
, cx), / > 

[140] 

(5.15) J x'zl{x)dx = Aqo{x)ZI{x) + 2Aoi{x)Z,{x)Z,+i{x) + 
where 

(5.16) Aoo(x) = Ji?Mn(x) - ^^DA,,{x) + + V'^ -^nW^ 



(5.17) Aoi(a-) = ii?An(x)-ii^An(x), 

2 a; 

(5.18) An(x) = a;y(x), 

a-i)/2 , 

(5.19) 2/= E ^ = W 

(5.20) %i^i/2,, 

if < n < (Z — 3)/2, and if Z > 3 a positive odd integer. 

[180, 136,1] 
(5.21) 

z-^'-''-'C^+,{z)V,+,{z)dz ^ - 2(^,V^ + 1) {C,Xz)VAz)+C^+i{z)V,+i{z)} 

where C and P are arbitrary Bessel functions. 
[180, 136,2] 

where C and T) are arbitrary Bessel functions. 
[180] 

{p + ^i + v) / zP-^C^,{z)V„{z)dz + {p- ^i-v -2) I zP-^C^,+i{z)V^+i{z)dz 



(5.22) / z^+''+iC^(z)2?,(z)dz = -— — {C^{z)V,{z) + C„+i(z)P,+i(z)} 



zP {C^{z)V,{z)+C^+i{z)V,+i{z)} 

where C and T) are arbitrary Bessel functions. 
[180, 136,5] 

f dz [ dz 

{p + v) Cf,iz)V,{z)—-{fi + iy + 2n) / C^+„(z)2?,+„(z)— = 

C^(^)2'i^(^) + 2 E ^t^+rn{z)'Dy+m{z) + 
m— 1 

where C and P are arbitrary Bessel functions. 
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[180, 137,1] 
(5.23) 



, , ^dz 1 



Co(2;)I?o(^) + 2 XI C„,{z)V„,{z) + Cn{z)Vn{z) 



where C and T) are arbitrary Bessel functions. 
[180, 138] 



(5.24) (m + 2) 1 7J^+^Cl{z)dz = + 1) jj^^ + j z^Cl{z)dz 

.^+1 |<(z) - i(/i + l)C(z)|' + z^+i - ^2 ^ + 1)2| C2(z) 



where C and 2? are arbitrary Bessel functions. 

With [1, 10.121], then partial integration for a product of three spherical Bessel 
functions 



(5.25) (n + m + / + 2) j jn{x)im{x)ji{kx)dx = - {2n - I) in-i{x)jm{x)ii{kx) 
+ (n-3-m-0 J j„_2{x)jm{x)ji{kx)dx + {2n- 1) J jn-i{x)j,n-i{x)ji{kx)dx 

+ (2n-l)fc / jn-i{x)jm{x)ji-i{kx)dx. 



J xJi{x)dx = ^x[Ji(a;)Ho(a;) - Jo(.t)Hi(.t)] 



(5.26) 

where H are Struve functions [1, §12]. 

5.6. Orthogonal Polynomials. [140] 
(5.27) 



ln(l±a;)P^(x) 



X , , , 1 :2 
--In l±x ±— --- 



1 , , X 1 

-In l±x + — — 



P. 



where P arc Lcgendre functions. 
[140] 



(5.28) 



P^,{x)P,{x)dx ^ - 



l + li + v 



P^{x)P,{x)- 



1 + 



P^(.T)F,+i(x) 



P^+,{x)P,{x). 



[140] 
(5.29) 



l + v 
2v 



1 + iy 



[P,{x)]'' - 2xP,{x)P,+i{x) + [P,+i{x)] 



[140] 
(5.30) 

l[P,/,{x)rdx = ^x[Py,{x)] 



2 a;(-7+16a;2) 



[P,/2ix)?-H-l+2x)il+2x)Pi/2ix)P3/2{x). 
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[140] 
(5.31) 



[140] 



a;(93 - 480x2 + 5l2x^) 
18 



25x(-3 + 8x2 
18 



-(3 -42x2 + 64x4)^3/2 (x-)P5/2 (a:). 



(5.32) x^P^/^{x)P2/:i{x)dx^{- 



. f^W . - f j 1 )P,/o(x)P2/3(x) 

2352 392 336 3 ^ ^'^^ ' ^'^^ ' 
,685x 573x3 ^ , , ^ ,235x 295x3 2x\ „ , , , 

+ " TT^ - ^)Pl/3(x)P5/3(^) + - - ^)P2IZ{X)P,I^{X) 



784 1176 48 



196 588 21 



[140] 
(5.33) 



195t^ 14 5 

x\P^I^{x)fdx ^ (^-_:r2--)[Pi/3(x)]3 + (-4+20x2)Pi/3(x)[P4/3(.^)]^ 



+ (9X - 25x3)[Pi/3(x)]2p4/3(x) - ^x[P4/3(2;)]' 



[140] 



/c 1 q Q1 
x[Fi/2(x)]4dx = (-- - -x2)[A/2(x)]4 + _xPi/2(x)[P3/2(^)]' 

9 Q 33t 81 

[140] 

(5.35) y" x'P^(x)P,(x)dx = Aoo(x)P^(x)P,(x) + Aoi(x)P^(x)P,+i(x) 

+ Aio (x)P^+i (x)P^ (x) + All (x)P^+i (a;)P^+i (x) , 



[140] 

(5.36) 

[140] 
(5.37) 

y" i7^(x)x-('^+3)dx = 

[140] 
(5.38) 

[140] 



e"^ H^{x)dx = -e"^ il^-i(x) 



2x"'' 



r-(''+2) 



(l^ + l)(j^ + 2) I/ + 2 



p-,(x)- 



2z^ 



(i^ + l)(;^ + 2) 



x-^^+^^H, 



1 + 2x2 

xHy{x)dx — — —H^{x) -H^_i{x). 



(5.39) / e""^ Hf,{x)H„dx 



2{v + 2) 



2{fi - ,y) 



v + 2 



[-H^{x)H,+,{x) + F^+i(x)ff,(x)]. 
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[140] 
(5.40) 



xe H^{x)H^dx = — 



1 + + 



2 ' (l-^ + z/)(l+/i-i/) 
1 



H^{x)H,+i{ 



I - ^L + V 



Hf^{x)H^+i{x) - 



[140] 
(5.41) 



X e ^ H^{x)H^dx 



{I - H + + - u) 
^2 Hf,{x)H^{x)x{p + ly) 



H^+i{x)Hi,+i{x)]. 



H^+i{x)H,{x) 



H^+i{x)H^{x 
H^{x)H^+i{x 



2 + /i + + 2fix'^ - 2vx'^ - fi'^x^ - v'^x'^ + 2^i 
2{^i ~ v){2 - ^1 + v){2 + II - v) 

2 + 3/.i + - 2//a;2 + 2vx'^ - fi'^x'^ - v^x^ + 2^i 
2{^i ~ iy){2 ^ ^1 + iy)(2 + II - v) 

- i/^+i(a;)ift.+i(a 



{2- fi + iy){2 + iJ.-iy)' 



[140] 
(5.42) 



e-3-'x2i?|/3(a;)dx = e-3-'[-^x(5+6x2)i7|/3(a:) + i(l+6a:2)if|/3(x)i75/3(-^) 

- ^xH2Mx)Hl/,{x) + ^Hl,{x)]. 

where H and H are Hermite functions. 
[140] 

/ —(i/+l)x 
xe-^''+^^^L,{x)dx = — [-(1 + x)L,{x) + L,-i{x)]. 
v + l 



[140] 
(5.44) 



x{l+x)-^''+^'^ L^{x)dx 



{l + x) 



v + 2 



X — V X 



v+l l+x 



V 

Lu[x) + ^ _^ ^ L^^i(x) 



[140] 
(5.45) 



e ■^LJx)L^{x)dx = e ^[L„(x)L^(x)+ ^ LJx)L^+i{x)- ^ ^ ^ Ln+i{x)L^{x)]. 

II — ly II — V 



[140] 
(5.46) 



-XT t \? t \j -x\ 1 + H + v-x + 2iiv + i?x + v'^x-2iivx - 
xe L^{x)L^{x)dx = e [ L^[x)Li,[x) 



{li-v){l - ii + iy) 



{1- li + iy){l + li-iy) 
(1 +/i)(l + 2;. 
ili-u){l- 
2(1 + ii){l + jy) 



il + iy)il + 2ii- iix + iyx) - {1 + ii){l + 2iy + ilx - lyx) ^ / , ^ 

-L^{x)L^+i{x) (n - iy){l + n - L') Lf,+i{x)L^{x) 



{1 - II + iy){l + II - ly) 



Lf,+i(x)L^+i{x)]. 
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125 625a; 853x^ 675x^ 225x^ 27 ^ 



[140] 
(5.47) 

f e~^'=xLhJx)dx = e-^''^^,Jx)\— 
J ^'^^ ' I 24 24 16 16 16 16 ' 

, 125 125a- 125.T^ ^^25 125.T 275a;2 75x^ ^ , , , , 

+ LiiJx)\ 1 +3 \ ]Loi-i{x)Li,Jx) 

5/3V 24 12 16 ^ ^4 8 16 16 ^ ^'^^ ' ^'^^ ' 

, 125 125:r 515a;2 135x3 45a;4^ „ ^ , ^ 
+ 3[-- + ^ - ^ + ^ - -^]LUx)L,,,(^x)]. 

where L and L are Laguerre functions. 

6. Definite Integrals of Special Functions 
6.1. Elliptic Integrals and Functions. [6] 



(6.1) 
[6] 
(6.2) 



1 

- / K{x^)dx = G. 
2 Jo 

1 

/ E{x^)dx = G+-. 
Jo 2 



6.2. The Exponential Integral and Related Functions. [34] 

(«) /",-e-%rt(,)d,.I|±|l.f4,l + ^;|;4). 

6.3. The Gamma Function and Related Functions. [11] 



/ lnr(t)rfi = -ln27r. 
Jo 2 



(6.4) 
[11] 

/ tlnr{t)dt = 
Jo 

[11] 

r 2-* \nr{t)dt = 2 2-* \nr{t)dt ^ + 1° ^ 
Jo Jo 



(6.5) / tlnr(i)dt=^ + iln27r-^. 



In 2 



(6.6) 
[11] 

(7 + lnln2)(l + 21n2)-l 



poo pi 

(6.7) / 2-H\nr{t)dt = 2 / 2-* {t + l)hir {t)dt 
Jo Jo 



ln''2 



. , /"^ s X, 2 /7 + 21n\/2^ Infc 

(6.8) / lnr(g)cos((2n + l)7rg)dg- \ ; +2^. 

[69] 



'tt^\ (2n + l)2 zl^^ 4fc2 _ (2n + 1)2 



(6.9) 



/ B2rn{q)\nr{q)dq = {-) 
Jo 



„^i (2m)!C(2m + l) 
2(27r)2™ 
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[69] 

(6.10) / S2„_i(g)lnr(g)dq 

Jo 



2m 



C'(2m) • 
C(2to) 



where A = 2 In -\/27r + 7. 
[69] 



.1 , L("+1)/2J . X ,s 



(6.11) 



n+1 ' V 2fc J 2(271^ ' ' n+1 



where A = 2 In \/27r + 7. 
[69] 



(6.12) ^\-ll2)\,^V{q)dq = ^^(^^-2\^^ 

[69] 



/•1/2 

(6.13) lnr(g+l)dg=i 

[69] 
(6.14) 



7 3hiV^ 131n2 3C'(2) 1 



24 47r2 2 ' 



/\>(")(,).i, = (-l)™^^[^-- + (n-m)!E - ^) 

Jq (ri — to)! '■n — m + 1 



.=0 ("-^)' 



n— ?n — 1 



+ E HM / )[^.C(-fc) + C'H 

fe=0 

where i/fe are harmonic sums. 



„1 n-l / X 

(6.15) / gXg)dg = C'(0) + E(-)' J[^'«C(-fc) + C'(-A:)], 

where are harmonic sums. 
[16] 

Jo r(a + z + l) r(a+l) 

(6.18) r 44^- = 1- 



r(z) 

I 

r(2 + i) 



(6.19) / 7 ' dz^l + v{t)\nt,t^l. 
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[16] 
(6.20) 

fo+z r,-j-a 14- r In s 1 

— — -{^(a+z+l)2-V.(i)(«+z+l)}dz = ,^^—+{\nt)Mt,a)+L-' K+T ' > 
r(a + z + l) r{a + l) |^s"+^J 

where L^^ is the inverse Laplace transform. 

(6.21) / — -{i;{z + lf -i^'^^\z + l)}dz = --f + lnt{l + u{t)\nt). 

Jo r(z + i) 

(6.22) __{^(i)(^)_v.(^)ndz-7. 
(6.23) 

{ilj{a+z+Vf-ij'^'^\a+z+l)}dz^ — -[iia+l)+\nt] + {\ntfv{t,a). 



r(a + 2 + l)''' ' ' ' " r(a + i) 

(6.24) 

/ ^ ^^.^^^.^^^' dz = pi{t,l3-l,a)+\ntn{t,(3,a), 5ia > -1, 3?/3 > -1. 

Jo r(Q; + z + i) r(^ + i) 

/""^ r+^z'' i^(a + z + l)2-^(i)(a + z + l)^ 

^'■''^ X r(a + z + i) f(^TT^ 

= ^(t,/3- 2,a) + 21nt^(t,/3- l,a) + {\ntf ^i{t, f3,a), 5Ra > -l,5R/3 > 1. 
[16] Let L{f{t)} EE e-''*f{t)dt = F(s) be the Laplace transfo rm and 



(6.26) u{z) 

(6.27) i/(z,a)E 

(6.28) = 

(6.29) M(^,/3,a) 
then 



r(t + i)' 



r(a + t + i)' 

r(/3 + i)r(i + i)' 

r(/3 + i)r(a + t + i)' 
1 



(6.30) L{z.(i)} 

snis 

[16] 

(6.31) L{i^{t,a)}^ 



[16] 

(6.32) L{^,it,p)} = 
[16] 

(6.33) L{Ai(<,^,a)} = 



si+"lns' 
1 

s(lns)/3+i' 
1 



(lns)/3+i 



YET ANOTHER TABLE OF INTEGRALS 81 



3(lns)P+-^ Jo 



Above > -1, 3?^ > -1, 3?s > 1. [16] 

(6.34) = L{ r v{t, x)f{x)dx}. 

sins Jq 

[16] 

i^flns) f°° 

(6.35) -^—L=L{j^ ,.it,a + x)f{x)dx}. 

[16] 
(6.36) 

[16] 

[16] 

(6.38) / x'^-^i^{t,a + x)dx = r{P)n{t,P,a), > -1,^(3 > 0. 
Jo 

[16] 

/•OO 

(6.39) / x^-^iy{t,x)dx = r{(3)fi{t,(3). 
Jo 

[16] 

(6.40) / i'(i, a + x)d.T = /i(i, l,a). 



[16] 

POO 

(6.41) / i/(t,2;)da; = /i(t,l). 

Jo 

[16] 
(6.42) 

D 

t^- V(i, /3, a + x)dx = r{X)fi{t, (3 + X,a), 3?a > -1, 3?/3 > -1, 3?A > 0. 



[16] 

(6-43) ^ (-)i/2/^i/2(^)Mx,A«)dx = 3'5+V(i,Aa/3),0^2(xV27t)i/2,. 
and others, 

6.4. Cylinder Functions. [135] 
(6.44) 

(n-m)/2 

' " ' ' '" ' „n-2s 



2^(-l)("-")/2 / dfcJ„+i(2^A:)J„(2^A:r) = i?™(r)= ^ (-1)^ 

for n > 0, < TO < n, n — m even. 
[27] 

/"OO 

(6.45) / (ci sin (/))Ji,(ct sin $)/-irp(ct cos (/) cos $)(it = ... 

^0 



n — s\ / n — 2s 
s J \{n — to) /2 — s 



r 
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[27] 
(6.46) 

, , , r( i+^+'^+P ) sin^ (j) cos^ $ cos'^ sin*^ $ 

Julci sin sin $)J^(ct cos (/) sin $) Jo (ci)ai = ^ ^ : 

cA'+'-+ir(At + l)T{iy + i)r( i-^'-^+p ) 

(6.47) 

^2Fi{ , ;Ai + l;sin 0)2-Fi( , ;t^ + l;sin $) 

where (j) and $ anre positive angles whose sum is acute. 

6.4.1. Cylinder Functions combined with x and . [184] 

/•I 1 

(6.48) / xMX„x)MX^x)dx = - {(1 - i^Va') J'(A„) + Jl\Xn)} 6nm 
Jo ^ 

for {A„} (n = 1,2,- ••) a sequence of succesive positive roots of the equation 
xJ'^(x) + HJ^{x) — 0, where _ff is a real number and v> —\. 
[117] 

(6.49) / x2+'+2"ji(2wx)dx = — V^^j,+fc+i(27ra); /, n = 0, 1, 2, 3, . . 
[138] 

(6.50) / k\ii{kr)ji{kr')dk ^ 



2r2 



3, 127] 



(6.51) ^^i^ / x2ji(pix)j2(P2x)j3(P3x)da;==A(pi,p2,P3)(-l)('^+'^+'^)/' 



^ ^ (-l)fci+fc^+^3 (;^ + fc^)! 



-ki 



X [(-l)'i+^i(p2 +P3 -pi)'^ + '^+'-^ + i-lY'+^Hps+Pl -p2)'^+''^+'^ 

+ (-l)'^+'^^'(pi +P2 -p3)'^+'==+''^ - {P1+P2 +P3)''^+'^+'l 

supposed that pi, p2 and can be the sides of a plane triangle, that is where 
A(.) = 1 if they form a non-denerate triangle, A(.) = 1/2 if they form a degenerate 
triangle, and A(.) = otherwise. 

(6.52) J xjoiax)ja{bx)ji{cx)dx = -^^(c^ - (« - &)^) 

for c > 0, a > 0, |c — a| < b < c + a. 

[95] 
(6.53) 

Jni{kip)Jn2{k2p)Jn3{k^p)pdp - — T [cos(ni Q;2 -n2ai ) +cos(n2Q;3-n3a2) +cos(n3Q;i -niQfa )] 

if ni + 112 + ^3 = 0, A as above, the area of the triangle of ki, k2 and k^ given by 
2 A = /cifca sin 013, and a three external angles in that triangle. 
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6.4.2. Cylinder Functions and Rational Functions. [76] 

(6.54) r -4^dx = -[SoA^a-e-'''^^^K,{a)] = i [jso,.(za)+5 sec ^/.(a)]. 
Jo 2;^ + a a 2 2 

[165] 

(6.55) / x'-^''Max)Mbx)^^ = {^irc-^''\l,ibc)K,{ac) 
Jo + c- L 

1 /6y n (ac/2)^P (bc/2)^'' | 

2\a) siiiTTv ^^p\r{l-iy + p) ^ A:!r(l + + A:) i 

for < 6 < a, 5Rc > 0, dif > 7i — 1, n = 1, 2, . . .. For < a < fo, the arguments a 
and 6 should be interchanged. 

6.4.3. Cylinder Functions and Powers. [103, 107] 
(6.56) 

/ x''Max)dx ^ T l^^f^^^^t^''} {{t^ + y- 1) J.(a)^M-i,--i(a) " ■h-ii.ci)S^, 

Jo ^ VI + 2 ~ 2^*) 

[a > 0,^(^1 + > -1]. 



(6.57) / z''K,{x)dx ^^^^[{l + 2iy)r{,y)uiF2{l/2;3/2,l- iy;u^/A) 
Jo l + 2v 

+ 2(V2)'+'"r(-i^) 1^^2(1^ + 1/2; 1 + V, 3/2 + v- u'/A)] 

[135] 

^'■''^ I -'"[^-"°(^-)]-^-^ 2^r^(i^)sin[.(P-l)/2] - 

[66, p 22] 
(6.59) 

x^'J^{xy)y/xydx = y"''"^ [(i^+A'-^)y'^i^(y)'S'/,-i/2,,.-i(y)-y-/i^-i(y)'S'^+i/2,i.(2/) 

I 2^+1/2 ^ '^2 ^ 2 ^ 4/ ] 

r(f-f + i)J 

for 3?(Ai + i') > -3/2. 
[76] 

(Rm) r ^^ZlMax)_, _ a'^fcP+"-^^-^r(p/2 + u/2)T{^i + 1 - p/2 - t./2) 
^ ' ' Jo {x^ + k^y+^ 2^+^T{ii + l)T{i' + l) 

fp + iyp + iy a2fc2\ a'^''+'^~Pr(iy /2 + p/2 - n - 1) 



2 ' 2 ^' ' ' 4 y 22M+3-pr(// + 2 + i//2-p/2) 
X 1F2 fii + l;fi + 2+^^-j^,fi + 2- ^^i^; ^^"j , a > 0,-5Ri/ < 5Rp < 25R^+^,5Rfc > 0. 
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[185] 



Jn+l(fc)J„> + i(fc) 



dk 



in+n'-j 

2"+"'+3r(n + 2)r(n' + 2)r(l + 7/2) 



X 3^4 



2 "f" 2 ~*~ ^' 2 I 1,2 

^ 7i + 2,n' + 2,7i + n' + 3,l + ^i±^ ' 
r(^i±^)r(3 + 7) 



23+7r(3 + 7+»+»' )r(2 + 2±^)r(2 

[114, p50] 
(6.61) 



2 > 



3^4 



9 -U 2 1^2 3+7 
z -I- , , 1 ^ 2 I 2 



Jy+n{at)Jy-n-i{bt)dt ^ <^ (-l)"/(2a),' 

0, 



< 6 = a 
< a < 6 



where n = 0, 1, 2, . . ., 3?z/ > 0. 
[114, p50] 



(6.62) 



0<b< 



Jy{at)J^+i{ht)dt ^ { l/(2a), 0<fe = a 
0, < a < 6 



where a, & real positive, 3?j^ > — 1. 
[114, p50] 



(6.63) 

^{v + ii) > 0, a > 0. 
[135] 



(6.64) 

[73] 
(6.65) 



J^{at)Ju{at)dt 



2sin(^^) 

TT v"^ — fM^ 



dx 



7rr(P + 2) 



2Pn(£±3)r(£±5 )r(£±i) sin[7r(P - l)/2] ' 



tP-t'-'-3j^(at)J^{bt)Jp{ct)dt 



2P-''-''-^at'bT{p - 1) 



p - 1 p-1 



6.4.4. Cylinder Functions and Exponentials. 

6.4.5. Cylinder Functions, Exponentials and Powers. With 

1 r 



hia,b,c) = - [^ia + b)^+c^- V(a-fo)2+c2 



hia, b,c) = - y-s/ [a + by + + ^{a-bf 



at a > 0, 6 > 0, c> [73] 
(6.66) 

re-Max)J,/,ibx)^= ^ 



nba 



sja'-l! + y sin-^(^) + ^(^6^ - b) 
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dx ^/2 



(6.67) / e-^Vi(ax) Ji/2(H^ = -^{b - Jh^ - Ij). 



(6.68) / e-''''Ji{ax)Ji/2{bx)Vxdx 



V2 hy^a^ - q 

\fTd)a I2 ^ H 



(6.69) / e-=^Jl(aa;)J3/2(6x)^/idx 



2/2^52372 



2^63/2a(/2 - Ij) 
(6.70) 

^ e~^^Max)J3/2{bx)^ - ^^^2^ (^-h\J - Ij + sm-\h/a)^ . 
(6.71) 

e-="Ji(ax)J5/2(&x)^ = ^,5/^ {hJa^-ll+ ~ Sa' sin-^(/i/a) 



and similar combinations ol even and odd- indexed J (ax) and J{bx). 
[7] 



(6.72) / x''e-^/V^(Ma;)£^,''(x)dx = 2''r(iy+ -)^=(sin6i)'^+3C„ ^(cos6l), 
Jo 2 ^/tt/x 

M > 0, > — ^, eos0 = ^j^qrxyl, C,^(a;) ultraspherical polynomial. 
[137] 

(6.73) / ^ ^JAxy)dx = —K,{ay), K^v < 3/2. 

Jo + a;^ ^ 

[137] 
(6.74) 

T^—^Mxy)dx^ -—^ X,_,,+i(ay), 3?^/ > -1, 3?(2^-!.) > 1/2. 

[137] 

(6.75) r f \ Mxy)dx = [2-^ ^(1 " 

Jo + i — 

- 2i^e-*^(''-^+i)s_^+,,_^_,+i(*ay)], 3?(z. + 2^,) > 1/2. 

[34] 

T{(5 + 2j+n) 



(6.76) / x'^-^e-''In{x)dx = V 

Jo 



22j"+"j!(j+n)!- 

[34] 
(6.77) 

CXD 

x2"+ie-^'/''%(x)dx = 22"+ia"+i7i!e"L„(-a) = 22"+ia"+in! iFi(n + 1; 1; a). 

POO 

(6.78) / a;3e-^'/4"/o(x)da;==8a2(l + a)e°. 
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[2] 
.79) 

[2] 



(6.79) r.e-^'/^M.)Y,{.)d. = + ± - """'^fly 

Jq tt ttz 27rcxp(z/2) 



(6.80) 



' .e-^V.,3(,)^3(,),, = _32 + 16^ ^ cxp(./2).i^3(./2)^ 



[2] 

(6.81) 

.3e-^Vv,(.)r,(.).. = -1 + -^(^ + -);-^°(-/^) + .iS + A. + .^)KA./2)^ 



TT 47rexp(z/2) 47rexp(z/2) 
[2] 
(6.82) 

poo -| 

/ x^e"'^''h{x)K:i{x)dx = -32 + -e"/222(32 - 16z + Sz^ - z'^)Ko{z/2) 
Jo 8 

+ -p//2z(128 - 64z + 24z^ - 6z^ + z^)Ki{z/2). 
8 

[62] Let 

POD 

(6.83) I{fi,iy,\)= J^{at)J^{U)e-''H^dt, 

Jo 

then 

(6.84) /(n,n;0)-(-)"^ ^^^^^^^^^^ 



(-)"cfc3 cos(2nV')# 



^'•''^ '("''^=')-4.(a6)3/2 7o (l-Psin^^)3/2' 

in particular 

(6.86) /(0,0;0) = -4=i^o(fc), 

2vao 



(6.87) /(1, 1; 0) = -4t[(1 ^ ky2)Fo{k) - E,{k)] 



/(0,0;l)- 



8fc'2(a&)3/2' 

and more results on /(n + 1, n; ±1) and /(?! + 1, n; 0) in terms of Elliptic Integrals. 
Associated recurrences: 

(6.89) a[/(/i + 1, 1/; A) + /(^ - 1, i/; A)] = 2/i/(^, A - 1); 

(6.90) b[I{n, u + l:X) + v - I- A)] = 2vl{ji, 1); 

(6.91) aI{^i + l,v■,\)-bI{^i,v-\]\) = C^,^, + (/i-j/ + A)/(/i,z/;A-l)-c/(^,i/; A), 
with 

^ '^''^''-lo ifA + M + ^^>0. 
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6.4.6. Cylinder and Trigonometric Functions and Powers. [73] 
(6.93) 

X «-(^^)^ " J,(ax) = 2,_.+3r(^ + 1) [v—i -JTi-^ 

[73] 
(6.94) 

[151] 

(6.95) / J2niaV^+2bt)e-P'dt^i~ir\ _ + 

X^(-)^(2fc-l)4_i/2[&(v/^^T^-a)/2)]AVi/2[KVP^T^ + «)/2]| 



X 

fe=i 



[151] 
(6.96) 



(2A-2-,0! ^^^^ f e'X^-V^) _ ''y ' [&(p-^^T^r\ 

[34] 

(6.97) / x^"ie""/o(2V^)dx = ^-^r(/3 + fc). 

■^0 fc=0 ' 



7. Definite Integrals of Special Functions II. 
7.1. Associated Legendre Functions and Powers. [145] 

r[i(fc + l)]r(-iA: - /3)r[i(a + p\T[\{a - /3 - p)]T[\{l - k)]T[\{l + fc + 1) + /3] 



T{(3 + l)r(-/3)r(a + l)T{~\k)T[\{k + 1) + P]T[\{1 - k + a - P) - p\T[\{l + fc + a + /3 + l)-p] 

/ i(«-/3)+p+l, i(a-/3)-p, -i(Z-l), 
""^^^y i(fc-0 + l, -i(/ + fc-l)-/3, a + 1 'V 

for 5R[i(Q; + P) — p] > 0, for fc, / both even or both odd. 
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[145] 

P;™(a;)Pfe"(a;)(l - x^)-P-^dx = (_i)(i-fc+™-n)/22-(™+") 

(/ + m)!r[i(m + n) - p]r[i(m - n) - p]T[^{l + k + I - m + n)] 
^ {I - TO)!?7i![i(fc -l + m- n)]ir[^{l - k) - p\T[\{l + k + l)-p\ 

^ F ( K"i-n)+p+l, i(m-ri)-p, -^{l - m-l), -^{l-m) \ 

^^\^{k~l + m-n) + l, -i(? + fc- 1-m + n), 7^+1 

for 3ff[i(m + n) — p] > 0, for fc — n > / — Tti. 
[145] 



1 1 (/ + m)! 

_i m [I — my. 



[145] 



Pr{x)Pj:{x){l-x^)-^dx- + 



2{l - m)\{m - l)m(m + 1) 
X + 1) + (m - l)(m + 1) + i(fe - 0(w + + ' + 1)]: fc > / > m > 1. 
[145] 



(7-1) /' /^rC-)^^^ = 777^ 1^4. 



2/ + 1 (/-m)! 



[145] 



Pr{x)Pr{x){l-x')dx = 

, a + m)![/G + l) + (m-l)(m + l) + l(fc-0(m+l)(fc + ^ + l)] 

^ ^ (/-m)![i(/c-/) + l]!r[i(?-fc) + 2](fc + Z-l)(fc + Z + l)(A: + / + 3) 

for fc > / > TO > 0, zero for k — I > A. 

7.2. Associated Legendre functions, powers, and trigonometric functions. 

[26] 

dt P^™icmz 

(7.2) / P„[cos(z - t)]p-"'{cost)-^ = " ^ , 3?m>0. 

Jq sm t TO 

(7.3) 

/%in™tP„_™_i[cos(z-t)]p-'"(cost)dt - X^r!.^ ^^^j, sin"'+i/^ zF7:^;T,^/'(cos z), 5Rto > -1/2. 

Jo 2v^r(TO + i) '-'^ 

(7.4) 

Sm"+1 tP„_™_2[c0s(z-t)]P„-'"(cOSt)dt = 2V2"^(^^(^2) ^^n^-VS ^'(COS z), 3?TO > -1. 



(7.5) 



sin-i-'^- tsin^(z-i)p-™(cost)p-'=[cos(z-i)] = ^ ^(to fc)r(fc + 1/2) ^.^^ ^p-m^^^g^^ 3?to > SRfc > -1/: 
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(7.6) 

/ sin™ t sin-'"(z-t)p-™(cosO^'r i[cos(z-<)] = sin[(m + _^/23fJm < 1/2. 

(7.7) 

• 1/2 + " + 2)2r(3/2)^r(m + r + 3/2) 



/ P„71 (cos t) sm[niz-t)]dt = 2^/^ sin^/^ z V ■ 



r!r(m + ?' + !) 

m + 2r + 3/2 /^-('"+3/2+2'-)^cog 
(m + 2r + l)(TO + 2r + 2) ^■ 



[134] 

(7.8) rd(?sinl™l+i0cxp(±zi?cos0)il™l(cos0) = 2(±z)"+l"l J^^±M1 



[134, (23)] 
(7.9) 



/ ^6* sill 61 exp(ii? cos a cos 6l)P™ (cos 6*) J,„(i? sin a sin 61) = 2r-™P;"(cosa)j„(i?). 
Jo 

[15, §11.4,13][115] 



e ^ H2m{ax)H2k{hx)dx 



^_yn+,^2.n+2,-. r(m + l/2)r(fc + 1/2) , , , , , I, 

^ ' ^c2™+2fe+i ^ ' ^ °> ' '2' (c2-a2)(c2_62' 

c2 - _ 52 0. 
[15, §11.4,14] 

' e-^'^'H,„^,,ia.)H,,,,Md. = (_)^-.^-22»-H-2..i r(,n + 3^/gr(fc + 3/2) 
a&(c^ - a')'"(c2 - b')'' , _ 3 a^b^ 

^ ^2m+2k+3 2J^l( m, fc;2; (^2_„2)(c2_52)• 

[15, §11.4,11] 

/OO 
[H,,{x)f dx = 2"-i/2r(7i + 1/2). 

[15, §11.4,20] 
(7.11) 

)^ i?2,n(ax)i72fe(6a:)dx = (-)™+'=22("+'=)r(m+fc+i)- 



2^(a2 4-&2)m+fc+l/2- 

[15, §11.4,21] 
(7.12) 

e-'^'^^+''>^H^,^^,{ax)H^k+,{hx)dx = {-r+^2^'^-+'^+Mm+k+l) 



2^(a2 +62)m+fe+3/2- 

[104] 
(7.13) 

J\'^+^e-^^'^-^{ax')L:,{ax')Mxy)dx = ^^^^ (^)''^^P ^™ "+"(^)ir'^+"""(|^); ^ 
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(7.14) 

x('^+P)/2e-^L^{x)LZ{x)Ja,+p{2V^)dx = (-l)'"+"a("+^)/2i^-"+"(a)i^+™-"(a); 3fJ(a+/3) > -1. 



^{X+v) > 0. 



7.3. Hypergeometric Functions. [67, p 238] 
(7.15) 



\ + 2v) Jq i > 2' 4 ^ p2A (^2 _^Q,2)iy' 



r(2A + 2z/) 

previous formula at A = witli [1, 9.1.69] gives [84, 6.623.1] 
(7.16) 

r(2i^)io 2' 4 ^ r(2z/) V2y io (p2 + a2)'^' 

[124] 
(7.17) 



i-Ai,i + M ' y 2'^-ir[(cr + i^)/2]r[(CT-i^)/2] 

for 3?cr > 1 + |3?:/|, /X = ; + 1/2 with I e N, 3?(cr + iy)>0,^p> 0. 

[124] 
(7.18) 

3/2,(a + ;.)/2,(a-;.)/2 , , 2\ 2, _ + l)p^-^KAp) 







1-^,2 + ^ ' J 2'^-ir[(cr + i/)/2]r[(cr-i/)/2] 

for 5Rcr > 2 + |3?J^|, ^ = ^ + 1/2 with / e N, 3fi((T + z/) > 0, 3fip > 0. 

8. Special Functions 

8.1. The exponential integral and related functions. [30] If 

/'"'' siu u TT 1 — cos u 

(8.1) / du ~ — — r cos(x — 6); / du = -f + \ogx — r sm(x — 9) 

Jo u 2 Jq u 

then 
(8.2) 

rcoGg - V (-)'(^^)' . ^cine - V (-)^+n2fc- 1)! . ^ . (~)'-+i(2fc - 1)! 

fc>0 fc>l fc>l 

for a; — >■ 00. 

8.2. The error function and Fresnel integrals. [34] 
(8-3) 2^^^" erf (fe) = g (2, + l)!22.-+2 

8.3. The gamma function. [159, 2.2.3.1] 
(8.4) (a)_ - 



(1 — a — m)^ 
[159, (2.4.5.2.)] [59, 152] 



(8.5) ia)2r - (a/2),,(^).22'-; (a),. = (a/g),(^), • • • ( " + ^ ^ .g^^ 
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(8.6) 

[159, (1.4)] 
(8.7) 

[159, (1.6)] 
(8.8) 

[159, (I.9)][152] 
(8.9) 

[159, (I.ll)] 
(8.10) 

[159, (1.13)] 
(8.11) 

[64, (§1.2)] 
(8.12) 



r(7i + 1 - fc) = 



(a + kn)n 



(a - fcn)„ = 



{a)N-n 



(a + kn)M-n 



(a — kn)N^j 



(-i)fcr(n + i) 

{-n)k 

_ {a){k+i)n 
{a)kn 

(-l)"(l-Q)fc„ 

(1 - a)(fc-i)n 

_ (-l)"(a)jv 
' {l-a-N)n 

(a)jv(Q + N)(^k-l)n 

(-l)"(a)Ar(l~a)fc„ 
(1 - a - N)(^k+i)n 



r(n + i + z)r(7i + i - z) 



1 



r2(n+i) 



for n = 1, 2, 3, — 
[177] 

(8.13) 

[177] 

(8.14) 

[177] 

(8.15) 

[177] 

(8.16) 

where (f>* =5 — ^5. 
[177] 



r(2/3) 



cos(7rz) 



27r 1 



n 

1=1 



1 - 



[21 -ly 



V3r(i/3)- 



^(^/^)--^f(T7i)- 



r(i/6) = 



r(3/5) 



^ r2(i/3). 



V^2i/3 

7r^/2V^ 1 
V5 r(2/5)' 
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[177] 

(8.18) r(4/5) 

where = 5 + y/5. 
[177] 

(8.19) 

[177] 
(8.20) 

[177] 
(8.21) 

[177] 

(8.22) r(i/io) 

where (/) = 5 + ^5. 
[177] 

(8.23) r(3/10) 

where (j>* = 5 - i/5. 
[177] 

(8.24) 

[177] 

(8.25) r(9/10) 

[177] 
(8.26) 

[177] 
(8.27) 

[150] 
(8.28) 



7^^/2V0 1 
V5 r(l/5)' 



r(3/8) = y^TT^^ 



r(l/8) 
(1/4)- 



r(5/8) = V^23/^£|l^. 



r(7/8)=.7r23/4y7^^^. 



V4' 



-r(i/5)r(2/5), 



0F27/io^ 

V^r r(i/5) 

23/5^5 r(2/5)' 



r(7/10) = V7r2 



3/5 ^(2/5) 

r(i/5)- 



^3/227/10^^ 



75 r(2/5)r(i/5)- 
r(i/i2) = ^!^Vg^r(i/3)r(i/4). 
0F2i/4y73~Tr(i/4) 



r(5/i2) = 



{N+^,K)iN+^,L) 



where (n + i, j) = is Hankcl's symbol. 



min(JV,/-f+L) 

E 

J— max(i^',L) 



2j-K-L 
j- K 



mm' 



U + ^,K + L-j)iN+^,j), 



YET ANOTHER TABLE OF INTEGRALS 



93 



[150] 
(8.29) 



J— max(i^',L) 



2j-K- L\ {j + l/2,K + L~j)iN + l/2,j) 



where {n + = is Hankel's symbol. 

[97] 



(8.30) 
[97] 

(8.31) 
[97] 

(8.32) 



log 



,r(z + 1/2) 



Vir(z) ^ r(2r - l)z 



E 



(1 - 2-2-)S2. 



log 



r(z + 3/4) 
Vir(z + l/4)~ ^i4r(4z) 



E 



^2r 



r(z + 3/4) 



r(z + 1/4) 



2u 9u 25m 49m 

T+T+ 1+ 1+ 



where u = l/(64z^). 

8.4. The psi function ip. [6] 



(8.33) 

[6] 
(8.34) 

[6] 
(8.35) 

[6] 
(8.36) 

[6] 
(8.37) 



E 



fc=0 



^^(V'(fc + l)+7) = G-|log2. 



E 

k=0 



^^(V(fc + 3/2)+7) = G- Jlog2. 



(-ir 



9-1 



^ oo 



4^^(2|^l)TW'^ + V2) + 7l=G-^log2. 



9-1 



q^Li2(e2-'=/«0 = Li2(i^). 



A;=0 
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8.5. Integral representations of the functions and N^. [170, La. 4.13] 
(8.38) J^+.+iW = J^(tg).s^+^(1 - s^Yds. 

[65, 7.2.7][111] 
(8.39) 

T{v+l)V{^i+l).h{z)J^{z) = (z/2)'^+^ 2^^3(i±^, 1+^; 1+^^' 1+/^' l+'^+A^' -^')- 
[24] 

(8.40) ^J^(zcos0cos$)Ji,(2;sin0sin$) = (cos(/)cos$)^(sin0sin(f>)'^ 



X 



z 

r(/i + i/ + n + l)r(z/ + n + l) 



^(-i)"(^ + . + 2n + i)w„,:(.) -^^;;7;v;;:. ^ ^, 

^ n!r(^t + n + l)r^(i^ + l) 

X F{~n, ^ + V + n + 1; + 1; sin^ (j))F{—n, ^ + v + n + l]v + 1; sin^ $), 

where ly and /z are not negative integers. 
[58] 

(8.41) J^iXz).Mxz) = / e'(^-'')''(Ai/A2)^+'^J^+,(zAiA2)d0 

where Ai = +\/(e'''' + e"*''), A2 = {X^e'" + x'^ e-'^fl'^ . 
[65, p 99] 

r(^ + i)r(i^ + 1) to! 

xF4{-m,-/ + m; + l,iy + 1; a^, /3^) J-y+2„i(z) 

(8.43) 

O^^P" o ^x ^ (- l)"r(7 + m + n)^^™ 02 

= 2^ w + 2m) J^+2,„(z) > — 2F1 -n, -n - + 1; — ). 

i (i^ + 1) n!(TO — n)!i -^(n + /i + 1) a-^ 

Application of [75, (3.5)] to [1, (9.1.14)] 



1^+11 1 + 1^ + 11 4 
X 4^3 ( -n, -n-p, IH —, ■,iy + l,^_i + l,iy + ^i + l; — 



[31] 



(8.45) x-'^lMV^) = E wf ^ 

r!i r + ct + 1) 

r— 

[31] [160, A002426] 

00 ^„ [n/2] I / ■ \ 

(8.46) exp(t)/o(2t) = g ^c.; c„ . g (^yp(^ = ^"^3^^. (-^^^ j 
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[31] 
(8.47) 



exp(2/t)exp(xt2)-"/2/„(2i^/5) = ^^nj^(x,y); H^^ (x, y) ^ n! ^ ^ 



^_^7i! ^ (n-2fc)!fc!r(fc + a + l) 



(8.48) ^/iW = E^n^(i'i); 

t ^ — ' n! 

n=0 

[134] 

(8.49) js(R) = ir^-r-f ^6* sin 61 cos(i? cos 6*) (sin 61)2". 
[160, A122848] 

(8.50) = E c.Lsf-^'-'^Z,^i{t). 

/=L(s+l)/2j 

(8.51) ^^''^'^W = E 

;=L(s+i)/2j 

with Bessel polynomial coefficients [90] 

s! 



(s-/)!(2l-s)!2«-'' 

[150] 
(8.52) 

[150] 

(8.53) ^W(-)W(.)-E^|^(^) A'..V.(- + .)- 
[80] 

(8.54) y (_i)«:^|!i(!^ = ^^J2rnianl^ 

^-^ — 2asina7r 

n— 1 

[80] 

(8.55) f;(-l)" "^^-^^7^ - -J2^-i(a^) 



n=l 



2 sin flTT 



[154] 

(8.56) z™[/^,+™(z) - i^._™(z)] = {-r''''b,nU)z'K,+j{z), 



m— 1 



3=0 

7n — 1 



(8.57) ^"[/.-,„(z) - /.+™(z)] = E h^{j)zn,+j{z), 
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m— 1 

(8.58) ^'"[J.-,„(Z) - {-\rh-ra{z)] = b^{j){-zyj,+,{z), 

j=o 

with m = 1, 2, 3, . . . . and 



r(i^ + j — m + 1) 



[65, §7.10.1] 



L"/2J 



(8.59) f{z) = ^ E = + '^)2'^+" E ^ J,22. ^^ "-2^^ 

where /(z) = J2'^^o 
[65, §7.10.1] 

(8.60) f{z) = 4; E an^"^.+n(^); «n = E ^^^^ ^ ^ 2^-"+-6, , 



(8.61) r(:/ + 7z+l)6„ = E(-1)'2"""" 



.=0 ^■ 



where f{z) = ^^^o hz'^^ ■ 

[25] 
(8.62) 

r.^ni^V, ri (-)"r(^ + n+l/2) " A,(^n), 

^'"^ n!y7rr(2i. + n+l)r(j/ + 7i + l) ^ (2i/ + n + l)/ 

[25] 
(8.63) 

1 {'2.v)r{v + I)r(a3)r(a4)r ^2 / N 1 p / + 1/2, 1 + 2j^ - 03 - 04 , _ 3 

22-^ ^r!(i/)r(l + 2z.-a3)r(l + 2j.-a4)r ''+'^^'''^ ~ 4'^r2(l + ;.) ^ ^ + 1, 1 + 2;/ - 03, 1 + 2;^ - 04 ' 



[25] 



r=0 

[25] 

f8 65) z'V2j ,(2,)- r(. + l) V^. , . r(2. + r)r(r-l/2) 

(8.65) z J2.+i/2(2z) - -r(^+i/2) + Hr(2^ + r + 3/2) "^''+'^^^^- 

[25] 
(8.66) 

i \ 2^ r u+2r\ ) n\JTiT{2v + n+l)T{v + n+l)^{2v + n + l)2r' 

[25] 
(8.67) 

1 ^ {v)r{l + v/2)r{a^)r . ^ ^ 1 p / 1/2 + 1^-03 2 

z2^^r!(j//2)^(l + j/-a3)r ''+^''^'''^ 4'^r2(l + ;.) ^ ^ ^ + 1, 1 + 2;^ - 203, ' 
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[25] 
(8.68) 

JA(2zsini0) ^ 2i-^+^V^r(i/ + 1) . 2 ^ ^ P ^ ^^ + 1,2;.- 



(2zsin i0)^-2- " n\r{v + l/2)T{\ + 1) 2^^ ' ^ ' ■'^"-+"^^^ ^ ^ + 1/2, A+ 



(8.69) 




where 




2n 


k 





1 


2 


1 


4 


1 


6 

8 


1 
1 


10 


1 


12 


1 



Jo (2: cos a) + Jo (z sin a) = 2 ^ b2n{a)J2n{z); 



n=0 



6 COS a — 6 cos a = ^ + | cos(4a) 
a r.^ai „ _ R .„o2 „ _ 1 ^ 3 cos(4a) 



4 

C.2 „ _ 1 /in ^r,o6 „ I on ^r,o4 „ — 9 _L 35 „„o^'e^^ _l 5 



+ II cos(8a) + cos(4a) 



64 ' 64 ^"^V""; I 16 
JL 4_ 35 
64 "f" 64 ' 



= jk + M + ^ cos(8a) + §§ cos(12a) 

Apparently, the b2n count numbers of Dclannoy paths, A109983 in [160]. 
[114, p31] 

00 

(8.70) e*'^™^'^ = 2'T(i.) ^(i. + m)i"V,+™(M(M""C(r'(cosv5), 

ly ^0,-1, -2,-3,.... 

[76] 
(8.71) 

5,,.(z)^z^-if;(-ir(i^|±i^) (^^^) (z/2)-^'MzHoo,|argz|<7r. 

The series terminates and is equal to 5'^ j^{z) when ^ zb z/ is a positive odd integer. 

[144] 
(8.72) 

f smB\"^^" „, , , •sp^f2m + n\ f sm(B — a)\^ ^ 

) ^"V"(-^") - E ( . ) ( 4iT;7r^ ) 



r=0 



9. Special Functions II. 
9.1. Hypergeometric Functions. [29] 

(9.1) 2-F'i(a, b; c; z) = ia)m{b)mz"'' 2Fi{a + m,b + m;l + m; z). 
[29] 

(9.2) 2^1 (a, 6; c; z) = (1 - z)^-'^"^ 2i^i (c - a, c - 6; c; z). 
[29] 

(9.3) 2J^i(a, b; c; z) = (a)^(6),„z™(l - z)^-"-'-"' 2^^1(1 - 6, 1 - a; 1 + m; z). 
[29] 

(9.4) 2J^i (a, &;c;z) = (1 - z)-'' 2^1(0, c - 6; c; z/(z - 1)). 
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[29| 



|m|- 

E 



^ (1 - a - m)„(l - c + a + m)„ / 1 \" (-)" / 1 



^ (1 — |?7i|)„r(l + \1 — z J r(a + m)r(c — a — m) \1 — 

(1 — a — m)n{l — c + a + ?t!,)„ / 1 \ " 
t'o r(l + |m|+n)r(l + n) (^^7 
[— ln(l— z)— TTCOt 7r(c— a)— TT cot 7ra+i/^(l— a— m+n)+V'(l— c+a+77i+7i)— ■i/;(l+|TO|+n)— 7/)(l+ri)] }, 

where m = max(0, m), to = niin(0, m). 

[149] 
(9.6) 

, 525 + 280z + 140z2 ^ 525 + 630z + 420^2 + 280^3 _ ^, „ 
iFi(l/2; 9/2; z) ^ ^^8?^ e"+ ^^^-,7, V^erfi(VI). 

[158] 
(9.7) 

iF,(l + la-b,l + a-6;x) = e-/2f; ,1"^.^^ '"^'^l, o^iO^a + r + l; (x/4)2). 
2 2 r!(a/2)r(l + a — o)r 2 

[159, 1.7.7] 

(c - a),n 



(9.8) 2Fi(a,-m;c,l) = 

[176] 

. ^ , ^ . xr(a-6)r(^4i) r(a-6)r(f) 

where 

^('^) = ^ 3i^2(-n/2, -(n + l)/2, a/2 - b; 1/2, a/2; 1); 
n + 1 

Q(") = ^ 3F2{-{n - l)/2, -n/2, (a + l)/2 - 6; 3/2, (a + l)/2; 1). 

[13] 
(9.10) 

[176] 
(9.11) 

i/9 9^-^/9_u UA\ 2"+3/2 r(a + 5/4 + n/2)r(a + 3/4 + n/2)r(a + l/2) ^ 

2Fi(-a, 1/2; 2a+3/2+7i; 1/4) = on+i , 7 , T^JTFT — , r: , T^vFT — . 1 /o 1 

3"+^ 1 (a + 7/6 + n/3)i (a + 5/6 + n/3)l (a + 1/2 + n/3) 

( o^«-2o3/2 r(a + 5/4 + n/2)r(a + 3/4 + n/2)r(« + 1) 

^ ^ r(a + 3/2)r(a + l/2 + n/2)r(a+l + n/2) ^ ^ 

where K{n) and ^(n) are defined in the reference. 



(6/2 + 1 - r)„(&/2 + 1/2 - r)„ (&-?'+ 1)A* 
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[30] 
(9.12) 



^2Fi(l/2, 1/2; 1; 1 - x) = log -^F, (1/2, 1/2; 1; - 4 ^ ^ 



X 



k 



k>l 



(fc!)2 ^(2j-l)(2jr 



[30] 
(9.13) 

,F,{\, i; 1; i±^) = ^,^^2^1(1/4, 1/4; 1/2; x') + ^^^^2^^! (3/4, 3/4; 3/2; rr^) 

[30] 
(9.14) 

2Fi(i, i; 1; = v/l+^2Fi(l/4, 1/2; 3/4; ^4) + ^^^^) ^(1+^2)3/2^^^ (1/3, 3/4; 5/4;^^) 

[30] 

(9.15) 2i^i(n,-n;l/2;a;2) = cos(2nsin-^ a;). 
[30] 

(9.16) 2nx2Fi(i +n, i -n;3/2;.T2) = sin(2nsin~^ x). 
[30] 

(9.17) 2i^i(^ -n;l/2;x^) = [l - x^)'^/'^ cos{2nsm-'^ x). 
[149] 

(9.18) 2i^i(-3/2,-l/2;l/2,z)= 71^7 + ^ arcsin ^i. 



[149] 



(9.19) „^ X'll.^ ^ 2F1 (1, 3/2; 3/2 + ^^4) = L^{z). 



[149] 



5-2z 



(9.20) 2i^i(-3/2,l/2;3/2,z) = — — VT^+-^arcsinVi. 

8 8vz 

[149] 

(9.21) 2Fi(-3/2, -1/2; 3/2, z) = l^-L^yi^^ + i±l^ arcsin V^. 

lb lo-^/z 

[149] 
(9.22) 

iF2(-3/2; -1/2, 1/2; z) = (1 + 2z) cosh(2Vz) + ^/z sul\l{'^^/z) - Az^'^ Shi(2Vi) 
[149] 

(9.23) ,f.(-3/2; -1/2, 2; .) . -i±l!i^/,-(v^) + il^liilii!^,^. 

[178] 

(9.24) 2^^i (l/4, -1/12; 2/3; ^^^^) = (1 - 2x)-i/^. 
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[178] 

(9.25) .F. (5/4, -1/12; 5/3; ||±|,) ^ ^^(1 - 2.)-/.. 
[178] 

(9.26) .F.(l/4,7/12;4/3;^|±^) .^(l-2.)3/^ 
[178] 

(9.27) (^1/4, -5/12; 1/3; ^^^) = (1 + ^^)(1 - 2x)-^^'- 
[178] 

(9.28) (1/2,-1/6; 2/3; = (1 + 2x)- V^. 
[178] 

(9.29) .F, (1/2, 5/6; 2/3; ^) ^ d + 2.)^^. 
[178] 

(9.30) 2^^! (^i/6,5/6;4/3;^^±||^) =^^(l + 2.r)V2(i+,)i/3. 
[178] 

(9.31) (^1/6, -1/6; 1/3; |^^) = (1 + 2x)-i/2(l + x^^^ 
[178] 

(9.32) .F, (7/24,-1/24; 3/4; ^^^^^^) = (1 + 14x + x^r'^'- 
[178] 

(9.33) .F. (7/24, 23/24; 7/4; J^^M^) . i±^^(l + 14. + .^/^. 
[178] 

(9.34) .F, (5/24, 13/24; 5/4; j^^^^^) ^ T^d + + .^)^/«. 
[178] 

108x(a;-l)'* \ 1 - 22a; - lla;^ 



^'■''^ 1^/2^' -11/2^^ ^/^^ (.^ + 14. + 1)3 ; - (1 + 14. + .^)n/8 • 

[178] 

(9.36) 2F1 (19/60,-1/60; 4/5; ^i(x)) = (1 - 228x + 494.x2 + 228.3 + a;4)-i/20_ 
(9.37) 

p no/Rn .Q/Rn ^/^ ^ ^^ (1 + 66. - ll.^)(l - 228. + 494.^ + 228.3 + x^Y^'^^ 
(19/60, 59/60; 4/5; ^i(.)) = (1 + .2) (1 + 522, _ 10005.2 _ 522^,3 + ,4) • 
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(9.38) 2F1 (11/60, 31/60; 6/5; ^i(x)) = 

(9.39) 2F1 (11/60, -29/60; 1/5; ^i[x)) 

(9.40) 2i^i (13/60, -7/60; 3/5; <pi(a;)) - , , , 
^ ^ ^ / , / w :v-u (1- 228a; + 494x2 + 228a;3 + a;4)V20 

(9.41) 

(1 + 119a; + 187a;2 + 17x3)(l - 228a; + 494a;2 + 228a;3 + a;4)i3/20 



(1- 


- 228x 4 


-494a;2 + 228a;3 + a;'*)"/20 






l + lla;-a;2 


1 


+ 435a; 


- 6670a;2 - 33352;"^ - S,7x^ 


(1 


- 228a; 


+ 494a;2 + 228a;3 + a;4)29/20 






1 - 7x 



2 



(13/60, 53/60; 3/5; (pi(a;)) 



(1 + a;2)(l + 522a; - 10006a;2 - 522x3 + x^) 



(9.42) 

, (l + ix)(l- 228x + 494x2 + 228x3 + x4)i^/20 
2F1 (17/60, 37/60; 7/5; ^i(x)) = ^ '-^ ^i^n^_^2y ' ■ 

(1 + 107x - 391x2 ^ 11732.3 ^ 462;4) 



(9.43) 2F1 (17/60, -23/60; 2/5; ¥>i(x)) = 
Where 

(9.44) (pi(x) 



(1 - 228x + 494x2 + 228x3 + ^4)23/20 ' 

Where 

1728x(x2 - llx- If 



^x4 + 228x3 + 494x2 - 228x + 1)3 ' 
[178] 

(1 + .t)7/20 



(9.45) 2F1 (7/20, -1/20; 4/5; ^2(3;)) = 

'.46) 

2F1 (7/20, 19/20; 4/5; (^2(2:)) = 



(l-x)l/20(l_42;-2;2)l/4- 

(9.46) 

(1 + 3x)(l + x)^/^°(l - x)i9/^"(l - 4x - 
(1 + x2)(l + 22x - 6x2 - 22x3 + x4) 

Where 

64x(x2 - X- 1)5 

^^(^)= (X2-1)(X2+4X-1)3 - 

[11] 

(9.48) 3F2(l,M-t;2,3;l)= ^^^-Y-y^'^^ - 

[152] 
(9.49) 

T? I u o u ^\ (c + - l)n{c+a)n 

3F2(-n, -a, -6; c, 2-n-a-6-c; 1) = - — • — 

(c + a + 6 - l)„(c)„ 

for n = 1, 2, 3, . . . 

[106] [159, (2.3.1.3)] 
(9.50) 

3f2(-m, 6, c; e, -m+&+c-e+l; 1) = ~ f^"^^ ~ ^j" ; m 0, 1, 2, . . . , e, e-&-c 7^ 0, -1, -2, . . . 

(e)„(e -0 - c)m 

[59] 
(9.51) 

3^2(0, &/2, (&+l)/2; c/2, (c+l)/2; 1) = ^J-f^^^lZ^!" ~ ^? 2^1(0, 6; c-a; -1), 3fJc> > 0, ^{c-a-h) > 0. 

1 (c — o)i (c — a) 



(c + & - l)(a + c + 71 - 1) 
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[59] 
(9.52) 

3^2(0, h/2, (6+l)/2; c/2, (c+l)/2; 1/2) = 2« ('f\ (£_^ 2Fi{-k, b; c+k; -1), 5Rc> ^ > 0. 

k=0 ^ ^ 

[183] 
(9.53) 

N„r . 1 — a — cl, a I ~ a 1 — a — bl — a — c , 
(0+6+1)3^2 [-C, -a, 1; 6+1, ; -] = (6+l)3F2[--, 1; , ; 1] 

where a, & an c are positive integers of the same parity. 

[59] 
(9.54) 

3F2(-n, b/q, (fe+l)/2; c/2, (c+l)/2; 1) = 2Fi{-n, b; c+n; -1), ^c> m > 0. 

(c)n 

[106] 

^, , , , r(e-l)r(a-e + l)r(6-e+l)r(c-e + l)r(a + 6 + c-e + l 
3F2(a,6,c;e,a + 6 + c-e + l;l) + ^ V(l - e)r(a)r(5)r(c)r(a + 5 + c - 2e + 2) 

X3F2(a-e + l,fe-e + l,c-e+l;2-e,a + 5 + c-2e + 2;l) 
_ r(a - e + l)r(5 - e + l)r(c - e + l)r(a + b + c- e + l) 
~ r(l - e)r(6 + c - e + l)r(a + c - e + l)r(a + 6 - e + 1) 

[106] 
(9.55) 

3^2(0, b, c; e, a+6+c-e+l; 1) = ^ ^ ^.^^ 3^^2(6-0, b+c-e+1, 1; 6+1, c+1; 1); 5Ra > 0. 

r(a)r(6 + l)T{c + 1) 

[146] [130] 

3^2(0,6, c; /,e;l) 
^ r(/)r(e)r(/ + e-a-6-c) 
Tie-b + f-c)T{f + e-a-c)'' 

r{f)T{e)r{f + e-a-b-c) 
r(e - 6 + / - c)r(e - 6 + / - a) • 
r{e)T{f + e-a-b-c) 



r(e-a)r(e- 


-64 


-/- 




r(/)r(/ + e 


— a 


-6- 


-c) 


r(/-a)r(e 


- 6- 




-c) 


r(e)r(/)r(/ + e-a-6 


— c 


) 


r(e + /-a-c)r(e- 


6 + 


./- 


a)' 


r(e)r(/ + e- 


- a - 


-6- 


-c) 


r(e - 6)r(e 4 


-f- 


- a - 


-c)- 


r(/)r(/ + e 


— a 


-b- 


-c) 


r(/ - 6)r(e ^ 




- a - 


^c) 


r(e)r(/ + e- 


- a - 


-b- 


-c) 


r(e - c)r(e - 


-6 + 


f- 


a)- 


_ r(/)r(/ + e- 


- a - 


-b- 


-c) 



r(/-c)r(e-6 + /-a) 



5-^2(6 4 


-f-a- 


-6- 


c,f- 


c,e - 


- c; e — 6 4 


- f - c,e + f - a- 


c;l) 


s-F2(e4 


-f-a- 


-b- 


cj- 


6,e - 


- 6; e - 6 4 


-f-c,e-b + f- 


a;l) 


3i^2(./ 


-cj- 


b,a; 


e-b 


f ./- 


c,./;i) 






- 3^2 (e 


— c, e — 


b,a; 


e-b 


f /- 


c,e; 1) 






3^^2(6-1 


-f-a 


-b- 


cj- 


- a, e - 


- a; e + / 


— a — c, e ^ b + f ~ 


-a;l) 


3J^2(/ 


-cj- 


a,b; 


e + f 


— a — 


c,/;l) 






; 3^^2(6 


— c, e — 


a,b; 


e + f 


— a — 


c,e; 1) 






3^^2(/ 


-bj- 


a, c; 


e + f 


— a — 








3i^2(e 


— 6, e — 


a, c; 


e + f- 


- a — 


6,e;l). 
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[143, (6)] 
(9.56) 

sF^i-n, a, 13; 7, S; 1) = g7)r(7 + n - a) ^p^^__^^ a,S ~ f3;l + a - j - n,S;l). 



[30] 
(9.57) 
[30] 



r(7 + 7i)r(7 — a) 
2F2(~2a, -2/3, 7; 7 + 1/2, 27; x) = 2F?{-a, 7 + 1/2; x). 



(9.58) 3i^2(a, /?, 7; -5, e; 1) = r(J^^ a)r('^ - ^) '^'^"' /?, e - 7; « + - ^ + 1, e; 1) 
r((5)r(e)r(a + /? - 7)r(5 + e - « - /? - 7) 



r(a)r(/?)r(e - 7)r((5 + e - « - ^) 

[159, (2.2.3.2)] 



3F2{S~a, (5-/3, (5+e-a-/3-7; (5-a-/3+l, (5+e 



(9.59) 

A+iFB[{a)-m; (6); z] = ^ s+iF^[l - (&), 1 - m; 1 - (a); ] 

((fo))m Z 

[159, (4.3.5.1)][182][98] 
(9.60) 

IN (w - ^)«(w - 2;)„ 1,1, 
4-t'3[x, y, z, —n; u, v, w; 1) ~ r^r~/ — \ A^'syu—x, u—y, z, —n; l—v+z—n, l—w+z—n 

{v)n[W)n 

if u + V + IV = 1+ x + y + z — n. 

[159] 
(9.61) 

[S{S+bi-l){S+b2-l) ■ ■ ■ {6+bB-l)-z{S+ai){6+a2) ■ ■ ■ {S+ga)] AFB{{a), {b),z) = 0, 

where S = z-^. 
[159] 

(9.62) ^ z -[a^z ~ 0^)-;-^ + ao + z- (1 ~ z)-;-^^ b+i 
[149] 

(9.63) 2i^2(-3/2, -1/2; -5/2, 1; z) = ^^6^/2^0(^2) + ^e^'^h {z/2). 
[149] 

2F3(-l/2, 1; 1/4, 1/2, 3/4; z) = 1 + 7^'^^/2^e'^^ cri{V2z^'^) 

- zi/4%/2V^e-2v^crfi(\/2zi/4) - eYi{V2z^'^) ev^{V2z^'^). 

[149] 

^ /o r /n r N 432 - 24z + 96^2 ^ 432 + 192z + 48^2 ^ , 
1^2(3/2; 5/2, 5; z) = ^-3 /o(2V^) + /i(2yi) 

- ^Ti (/o(2yj)Li(2VI) - /i(2Vi)Lo(2V^)) . 



z^-^a.z ao + zS(l - z)-^-^ 



FB{{a),{b),z)=Q. 
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[149] 



, „ o , ^ 480 + 34722-2100^2 480 + 3712z - 1024^2 + 192^3 , 
3F2(-l/2, 1, 2; 3, 4; z) = + Vl 



[30] 



525z3 



1+7. 2 



525z3 
1 , VT- 



(9.64) 2i^3(-/3, /? + 7; 7; 7/2, a;74) = iFi(-/3; 7; 7; x). 
[30] 

(9.65) 2^^3(1, n;n+l;{n + l)/2, 2 + n2; = iFi(l; n + I; -.x)iFi(l; n + 1; x). 

[30] 
(9.66) 

4Fi(-a, -/3, - -a-/3; 4a;2) = 2Fo(-a, -/3; xhFoi-a, -/3; -x). 

if a or /3 a nonnegative integer. 

[159] 
(9.67) 



A+l 



Fb+1 (c, (a);d, (6);z) 



r(d) 



r(c)r(d-c)7o 



t'^-^l - tf-'-^ aFb {{a),{b),tz) dt. 



[50, 59] 
(9.68) 



9+1^9 



[59] 
(9.69) 

p+kFq+k 

[131] 
(9.70) 

r+2-Fr+l 

[131] 
(9.71) 



a, 



h 6+1 b+q-1 



In! ' 



9 ' 9 



r(c) 



c c+1 c+q—1 



r(6)r(c-6) 7o 



Tic) 



r(6)r(c-6) 



E 

fc>0 



c-b-l\{ 



k h + k 



2Fiia,{b + k)/q;l + {b + k)/q;x) 



n n 9- "+1 a+k—1 

Cil , . . . , Up, ^ , ^ I 

. 7 a+P g+g+l a+)3+fc-l 1^1 

"l,---,'^9' fe ' fc fc 



^l-a-0 l-t 



B{a,P) Jo 



x°'-\t~xf~^ pF 



r+2-Fr + l 

[4] 

(9.72) p+iFp 



a A (/r + 1) 

Ur) 

aA (/r + 1) 



I .T ^ (1 - x)-%+2^^,+l 



a. A, (^^ + 1) I a: 
c, 



(/.) 



a, a, . . . , a 
a + 1, . . . , a + 1 



I X = (1 - .x) 



1 = 



c—a—b—r T7I 



'x-l 
A, A', (e. + l) , 



(a-1)! 



a-l 

EH°-'-'c(p-fc) 



fc=0 



a 

k+l 



for a a positive integer, where the [] is StirHng numbers of the first kind. 



YET ANOTHER TABLE OF INTEGRALS 



105 



[4] 

TON ( a, a,..., a .A {~)P^^naP 



1 

(n- 1)! ^ 

^ ' i=m+l 



n 
i 



sin(a7r)(p — 1)! 

(z-m),„(-l)"-V-"-\ 



where 

(9.74) w{n,m) 
recursively 

m — 1 

(9.75) w;(n, 0) = 1, w{n, m) = ^ (1 - m)kH^^^^^ w(n, m-l-k) 

k=a 

and the Harmonic numbers defined in (0.86). 
[72] 



(9.76) 



ai,...,ag+i |,\ jj, ai,...,ag+i 



' 2g+2-F2g+l 



ai/2,ai/2 + l/2...,ag+i/2 + l/2 
61/2,61/2 + 1/2,..., 6g/2 + 1/2,1/2 



[72] 



(9.77) 



q+lFq 



ai, . . . , Cg+l 

bi,...,bg 



1 1 - g+i-Pq 



fli, . . . , flg+i 



61 



, . . . , 6, 



-1 



^ Qia2 ■ ■ ■ flg+i 
6162 ■ --bg 



( ai/2 + l/2,ai/2 + l...,a,+i/2 + l/2,a,+i/2 + l 
''^ 61/2 + 1/2, 61/2 + 1,...,V2 + 1,3/2 I' 



[72] 
(9.78) 

/ a, a + 2,a + 4...,a + 2g iiV p/^ a,a + 2,a + 4, ...,a + 2q 

■^^^ I a + l,a + 3,a + 5...a + 2q-l ' i I a + 1, a + 3, a + 5, a + 2(7 - 1 



= 2-Fi(a/2,a + 9 + l/2;l/2;l). 



[72] 
(9.79) 

q+lFq 



a, a + 2,a + 4 . . . , a + 2(7 
a + l,a + 3,a + 5...a + 2(7— 1 

2a(a + 2)(a + 4)---(a + 2g) 



1 — a+lFn 



a,a + 2,a + 4, . . . , a + 2q 



(a + l)(a + 3)---(a + 2g- 1) 



* a+ l,a + 3,a + 5,a + 2(7- 1 
2Fi(a/2 + 1/2, a/2 + q + 1; 3/2; 1). 



[72] 

(9.80) q+lFq 



a,a + 2,a + 4 ... ,a + 2(7 
a+l,a + 3,a + 5...a + 2(7— 1 



r(l/2- a)r(-a/2 - g) (a/2 + l/2),_ir(l - a/2)r(l/2 - a/2 - g) ^ 
if 5R(a + g) < 0, and a similar expression for argument —1. 
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[130] 

3^2(1, ™, h]c^m~ n; 1) = T{a + n — m + 1) 



X 



r(m - L)r{-b -n + l + L)T{-b + c- m + 1 + L)r(L + 1) 

r(c)r(m-n)(-l)" 

^^TT J( ^ ' 0<n<m. 

i (c — aji (a) 



3 



X 



3 



F2{a, b, — n; c, m — n; 1) = T{a + n — m + 1) 

r(m - L)r(6 -m+l + L)T{c + n - m + 1 + L)T{L + 1) ) 

x^l^T vFTY^' 0<n<m. 

i (c — aji (a) 

-^2(0, — n, fo; c, a — c + 6 — n + rn; 1) = r(c — & + n — m + l)r(— a + c — 6 — m + 1) 



X 



^'^^ {-l)^V{b + L)T{l~a + c-m + n + L) 

f-'^ T{m ~ L)T{-a + c - m + 1 + L)T{c + n - m + I + L)T{L + 1) 

r(c)r(m) 



3^2(0, 1, 6; n + l,c; 1) 



r(n+l-a + c- &- m)r(6)r(c - b) '' 

r(a - n)r(6 - n)r(n + i)r(c)r(-6 + c - a + n)r(i - 5)r(i + n)r(c) 



r(5)r(c - 6)r(a)r(c - a)r(a) 



X 



(-l)^r(a-l-£) 

.n'o r(c - 1 - L)r(n - L)r(2 + l - &) ^ 



, < n, m. 

and 60 others. 
[59] 

(9.81) 4-F3(a, V3, (6 + l)/3, (& + 2)/3; c/3, (c + l)/3, (c + 2)/3; 1) 
r(c)r(c-6-a)^ (a)fe(-l)H6)fc 



r(c-a)r(c-6)^^ fc!(c-a). 



[98] 



(9.82) 4F3(-,^— ,/3 + n,-n;l + a,^,^;l)- 



■2' 2'^ ' ' '2' 2'' (/3)„ 



[98] 



/n Qo^ p r m 1 - 771 1 (a + /?),„ + (/? - a) 

(9.83) 4^3(0,-0;,- — , 1 - 777 -/3; 1) - 



[98] 
(9.84) 



4 



2' 2 '2'"' ' 2(/3)™ 

1 , . , . 1 1 1 . .1^ (2a)„(26)„(a + 6)„ 



F:}{a,b, — — a — b — n, —n; a + b — — , 1 — a — n, 1 — 6 — 77; 1) = 



(2a + 26-l)„(a)„(&), 
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[98] 
(9.85) 



4i^3(a , b , a—b~n, — n; a+b , a— n, 6— n; 1) 



(2a)„(26)„(a + 6), 



2 2 2 



2' 2 



(2a + 25- l)„(a + i)„(&+ i)„ 



(9.86) 

p.^i ,1 , ^^^1 1 1 ^ n (2a + l)„(26)„(a + &)„ 

4^*3(0+1, 0, - — a—b—n, —n; a+b+-, 1 — a—n, 1 — 0— n; 1) — 



[98] 
(9.87) 

4^3(0+ — , b , a—b^ji, — n; a+b+—, a— n, 6— n; 1) 



2 2' 2 



2' 2 



[98] 



(2a + 2&)„(a)„(6)„ 

_ (2a+l)„(25)„(a + b)„ 
" (2a + 26)„(a+i)„(6+i)„' 

(2a)„(26)„(a + 6)„ 



(9.88) 4F3{a,b,l--a-b-n,-n;a+b+l-,l-a-n,l-b-n;l) ~ , oh\ f \ fr,\ ■ 
2 2 (2a + 2b)„(a)„(t))„ 

[98] 
(9.89) 

, ^, 1 1 1 , (l/2)„(a-&+l)„(&-a+l)„ 

4F3(a, 6, a+6---n, -n; a+b+-, -+a~n, -+b-n; 1) = + , + 1 )^^( 1 _ 1 _ ,),^ • 

[98] 
(9.90) 

1 11, 1 , (i + a + 5)„(i -a-6)„ + (i + a-6)„(i-a + 6),: 
4^*3(0, —a, n, —n; —+b—n, b—n]l)=— 



[98] 
(9.91) 

4^3(0, -a, ---n, -n; ^.b-n, -b-n; 1) 



2(i + 6)„(i-6)„ 



(a + 6)„+i(l - a - 6)„ + (& - a)„+i(l + a - 6)„ 



[98] 
(9.92) 

^,11 1 11,1, 
iFsi^+a, --a,---n, -n; -, ■^+b-n, ^^b-n] 1) = 

[98] 



26(l + fe)„(l-6)„ 

(g + &)n+i(l - Q - b)n + {b- a)n+i(l + a-b)„ 
26(i + fe)„(i-fe)„ 



1 11 1 

(9.93) 4-^3(0,-0,-2 - n, -n; -, - + b - n, - - b - n; 1) 

(a + &)(i + a + 6)„(i - a - 6)„ + (fe - a)(i + 5 - a)„(i + a - 5), 



26(i + 5)„(i-5)„ 



[98] 
(9.94) 



p. 1 1 1 , 1 1^ (a + ^^)ri(-a-^^)n + (a-6)n(6-a)n 
4^3(0, -a, --71, -71; -, 1+6-n, l-b-n; 1) = 



2(6)„(-6), 
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[30] 
(9.95) 

4^3(a,/3, ^^-^^;i,S,a+(3;x) = 2-Fi(a,/3;7; ^ ^ ^ )2Fiia, (3;S; ^— — ) 

ifa + /3 + l = 7 + (5. 
[45] 

(9.96) 



I ai, 02, 03, 04 I ^ 



r{s) 



r(6i)r(62)r(63) " ' V ^i'^2,&3 ' J r(ai + s)r(a2 + s)r(a3)r(a4) 

E°° (61 + 63 ~ Q3 - a4)fc(b2 + ^3 - Q3 - Q4)fc(g)fc p f 63 - 03, 63 - 04, -fc 



fc=0 



(ai + s)k{a2 + s)hk\ \ 61 + 63 - 03 - 04, ^2 + 63 - 03 - ^4 



[72] 

(9.97) 4-F3(a/2, a/2 + 1/2, b/2, 6/2 + 1/2; 1/2 + a/2 - b/2, 1 + a/2 - 6/2, 1/2; 1) 

_ r(l + a - 6)r(l - 26) r(l + a - 6)r(l + a/2) 
^ r(l - 6)r(l + a - 26) ^ r(l + a)r(l + a/2-6)' 

where 5R6 < 1/2. 
[72] 

(9.98) 

^ , 4^^3(0/2+1/2, a/2+1, 6/2+1/2, 6/2+1; l+a/2-6/2, 3/2+a/2-6/2, 3/2; 1) 

1 + a — 6 

_ r(l + a - 6)r(l - 26) r(l + a - 6)r(l + a/2) 
" r(l-6)r(l + a-26) ^ r(l+a)r(l + a/2-6)' 

where 5R6 < 1/2. 
[45] 

(9-99) T..^^P+2^.+if .T"--.'r^'""l 11 



_ (Qi + s)m(Q2 + g)„, Ifjtliajhi ^ (s)fc(-m)fc 

(s)m 11^=1 r(^i + "^) ^ (oi + S)fe(a2 + S)fcfc! 



, , ( 1 - 61 - m, 1 - 62 - m, . . . , 1 - 6p - m, -fc , 
\ 1 — a3 — ?7i, 1 — 04 — m, . . . 1 — ap^i — to, 1 — d — A; 

where s = X)5'=i ~ ^'^d S' = ai+a + 2 + .s + m — 1 and s not a negative 
integer or zero. 

[45] 
(9.100) 

1 / ai,a2,a3,-TO , \ (ai + s),„(a2 + s)„i(a3)„i / 64-03,62-03, 

4^3 1 „ „, I -L - / N T./,, — — T— V 4-^3 



r(6i)r(62) V ^1' ^2,1- s-m I J (s),„r(6i+TO)r(62 + TO) * V ai+S'«2 + s,l 

where s = 64 + 62 — ai — 02 — 03 not a negative integer or zero, to = 0, 1, 2 . . .. 

[30] 
(9.101) 

oF2(TO + n + l,n+l;x)oF2(m + l,l-n;-2;) = 1 + 2^ ^ 



(TO + 71 + l)fe(TO+l)fcfc! 
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(«^-i^)(n^-3^)---(ni-fci)' iffcodd; 

^ r , if fceven 



where 

(9.102) Ofc = J 

[18, p 20] 

(9.103) aFi{a + 1, /3; 7, 7'; y) - /3F4(a, /3 + 1; 7, 7'; a^, 2/) 

= (a - li)Fi{a, [3; 7, 7'; x, y). 

[18, p 21] 

(9.104) ^xFiia + 1, /3 + 1; 7 + 1, 7'; x, y) + ^yF^ia + 1, /3 + 1; 7, 7' + 1; y) 

7 7 

= F4{a + l,/3;7,7';a;,y) - ^4(0, 7, 7'; 2:, y). 

[18, p 26] 

(9.105) F^ia, /3; 7, 7'; .) = E ^lY^^T r< '"^^"'^"^^^Vll ^ ^ 

— ^ (7jm"T'' i (7 — a — m)i (p + m) 

X 2^'i(a + m,Q! + m + 1 - 7'; a + 1 - /3; i)cc™ 

2/ 



{a)Mrn r(7')r(a-/3) 

(7)in'7i! r(7' — ;3 — m)r(a + m) 



X 2i^i(/3 + TO,/3 + m + l-7';/3 + l-a;-)x'' 

2/ 



[18] 
(9.106) 

F,{a, (3; 7, 7'; x, y) = pS^?^^^,',"} (-2/)'" j^4(a, a + 1 - 7'; 7, a + 1 -/?;-, i) 
r(7'-a)r(/3) y y 

+ fr^^wr!^-^)"'^^^^ + 1 - 7', A 7, /3 + 1 - a; i). 

r(7 -/3)r(a) y y 

[27, 78] 
(9.107) 

F4 [a, /3; 7, 1 + a + /? - 7; x(l - y), y(l - x)] = F{a, /3; 7; x)F{a, /3; l+a+/3-7; y). 
(9.108) 

X y 

Fa a,/3;7,/3;- 



(l-x)(l-y)' (l-a;)(l-y) 



(9.109) 



F. 



2/ 



(9.110) 



Fa 



a,/3;/3,/3; 



(l-a;)(l-y)' (l~a;)(l-y) 
X y 



(l-x)(l-y)' (l-x)(l-y) 



: (l-x)"(l-y)"i^i[a; j~/3, l+a-7; 7; a:, xy]. 
= {l~xy)-\l-xni-yr. 
= (l-.T)"(l-y)"F[a,l+a^/3;/3;xy]. 



(9.111) 



Fa 



a, /3; 1 + a - /?, /?; 



2/ 



(l-x)(l-y)' (l-a;)(l-y) 



(l-y)"i^[a,,/?;l+a-/3;- 



^(l-2/) i 
1-x ^ 
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[98] 
(9.112) 

pp:2;2 



ai^.-.ttp-. ai,6i 02, &2 
71, . . .7, : ci C2 



=p+3 Fg+2iai,. . . ,ap,/3i,/32,^3;7i, • • ■ ,lq,^i,S2;X) 





a2 &2 C2 


/3i ^2 /33 


Si S2 


a b a + 6 — i 
1 1 1 
a— 2 a + 6— ^ 


a & a + 6 + i 
a+i 6+5 a + 6+i 


2a 26 a + 6 
2a 26 a + b 


2a + 26-1 a + 6+ i 
2a + 26-1 a + b+l 



and more of that format. 

[168] 
(9.113) 

a : -Af, 



1:2;2 



1:1;1 



P + P' : a-P' -M + 1 a-p-N + 1 



1,1 



[(i + P' -a)M+N{fi')M{P)N 

(/3 + /3')M+Jv(/3'-«)M(/3-a)jv 



for M, = 0,1,2, 
[168] 



(9.114) Fl:^ 



/? + /?'-« : /3,7: /3',7' 
/3 + ^' : ,5 ,5' 



1,1 



^ T{5)T{5')T{a - /3 - 7 + ^)r(a - P' - j + 5') i:2;2 
r(,5 - -f)T{6' - 7')r(a - /3 + (5)r(a - P' + 5') ^'^'^ 

[168] 
(9.115) 



a: /?',7: Af: 

/3 + /3': a-/3 + ,5 a-p' + 6' 



l:s\v 



X r+l-Fs+l 

[78] 

(9.116) 3i^2 

[78] 

(9.117) F^ 



a : (ar) : (cu) : 
7 : (bs) : (dy); 

(aj.) + n, a + n 



E 



(a)„(7 - a)„ Oj^iK)" nj=ife)n (xy)" 



^ (7 + n - l)„(7)2ri nj=i(^j)« n"=iK)ri n! 
(cu) + ?i, a + n; 



(6,) + n, 7 + 271 I"") "+^^"+1 I (d^)+", 7 + 2n- 



-n, n + a,b 
c, d 



1 1 3i^2 



1 



(-)"(a-C+l)„ ^2:2.2 
(C)„ 



-n, n + a, e 
c,/ 

-n,n + a: 6, e; d — b,f^e 

d, f : c; a — c + 1 



1,1 



a, 6 : — a;,?/ + e; ~y,x + d 
d,e : c; 6 



1,1 



(d- a)a,(e- q)^ 2:2;1 



a, — a; : 



1 + a — c, — y; c — 6 



c, 1 + a — d — x: 1 + a — e — y; 



1,1 



1,1 



if = 0, 1, . 
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[78] 



(9.118) 



2:1:1 



a, b 
d, e 



-x,y -\- e] —y,x + d 



1,1 



min(a;,y) 

E 



{a)r{h)r{a + b - C - c' + l)r {-x)r{-y)r 



,=0 r\{c)r{c')r 



(d)r(e)r 



if a;,y = 0,1,... 

9.2. The Confluent Hypergeometric Function. 

9.3. The Meijer G-Function. [2] 

(9.119) G™+:-t' I ^;Clb ) = I 

a—b 



fc=l 



r(6 + g) nrii r(&. + s) uti r(i - a, - .) ^ ^ 
nL„+i + ^) n.=„.+M r(i - 5, - .) 



if a - 5 > 0. 
[2] 

(9.120) 

if a - 6 <= 0. 
[2] 



^m+l,ri+l / I a, a 



(9.121) G^'^^ti ( ^ I 



a,bq,b 



a,ap,b 
bg,b 



/ \a — b/^m,n I i <lp,a, 



if a — 6 is an integer. 

9.4. The MacRobert E-function. 

9.5. Riemann and Hurwitz zeta functions. [172, (2.4.1)] 

1 



(9.122) 

[169, 5] 
(9.123) 

[139] 
(9.124) 



as] 



c(3)-|E 



fc>i 



dx, (7 > 1. 



C(2fc) 



47r^ 



7 ^ (2fc + l)(2A: + 2)22'=' 



...N 1 /4n+l 7n\ 



where io = 0, ii = 1/3 and 

(9.125) 4(4n+3)(4n+5)L„+i+2(7i+l)3(6n^+9n2+5n+l)L„-n^(n+l)3L„_i 0. 
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[139] 



OO 



_ If - H-Mn) nrii(K-^^)^+v 

where 
(9.127) 

r{n) = 205n^-160n^+(32-62j:2)n4+40a;2n3+(x'^-8x2-25y^)ri2+10yW/(a;^-2). 
[5] 

(_\k /"-I 
(9.128) ^ [(ink) - 1] = log n - (-)<'^+''/"] 

k>l \]=0 

[5] 
(9.129) 

°° 1 _ on+l " 

^(-)^-[C(fc) - l]fc" = -1 + Bn+1 - ^(-)^fc!C(fc + l)5(n + 1, fc + 1), 

k=2 k=l 

with S the Stirling numbers of the second kind. 
[5] 



(9.130) Y^Kik) - l]fc" = 1 + ^ fc!C(fc + ^)S{n + l,k+ 1), 

[6] 



k^2 k^l 



OO 

(9.131) _^ c(2fc + l) = G-l. 



42A: 



[169] 



[169] 

(9.133) Vi(^f^V'----log2. 
^ ' ^ 2/c + 1 V 4/ 37r 4 ^ 



fc>0 



[6] 

(9.134) 1 g^(fc + i)c(fc + 2) = G. 

fe=i 



[5] 



fc=i 
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[5] 



[5] 



^ l2 q 2 1 

(9.137) E^tCW-iH^-l + y-^M^'T). 

k=2 

[5] 

(9.138) £[C(4fc)-l] = ^- Jcoth^ 

k=2 

[5] 

oo ■? 4 „ 1 

(9.139) ^[C(4A:) ~ l]z^'^ ^ ~ X^""*^''"^ + coth(j.z\ \z\ < 2. 

[5] 
(9.140) 

V[C(2fc)-l] sink ^ -i cot(l/2) + -^"(^/^) sin[2.cos(l/2)] - cos(l/2) sinh[2. sin(l/2)] 
^^^^ ^ ^ 2 ^ 2 cos[27rcos(l/2)] -cosh[27rsin(l/2)] 

[5] 

(9.141) f2 (^^^')c(p + fc + l,a)^^ = ^[^P^P\a)~4,^P\a-z)]. 

k=l V / 

[5] 

(9.142) p^(2fc) = log[^ytcsc(^Vt]. 

fe=i 

[6] 

1 t 

(9.143) ^ + 1,3/4) ^G. 



[6] 



2k 

k=2 



1^ k 



(9.144) __^_c(fc + 1,5/4) = G-1. 

fe=2 

[3] 
(9.145) 

C{l,p/q) - C'(l, 1 - p/q) = ^cot ^[log(27rg) + 7] - 27r^ log {V{j/q)) sin 



[69] 

/■I (2ttY ztt 

(9.146) sin(2^g)C(z,<7)dg = Ij^csc — 
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[69] 



[69] 



(9.151) 



(9.147) / sin(2fc7rg)C(z,g)dg= ^^""^Z" csc^. 
Jo 4r(z) 2 

[69] 

(9.148) / cos{2knq)C{z,q)dq= ^ J sec—. 
Jo 4r(z) 2 

[69] 

/•I 7r(2: — x') 

COS - 

(9.149) / C(^', g)C(z,g)dq--C(z + z'- 1)5(1 -z,l-z') ^ 



COS ^ J ^ 



(9.150) / g"C(^,g)dq = -n!^ 

Jo 

[69] 



C(^-j) 



^ (z-.7),(n-j + l)! 

\n{smTrq)({z,q)dq = - ^^^yZ ^^^Y^C^ ~ 
[88] 

(9.152) $(z, s, u) = 2"" [$(z2, s, u/2) + z^{z^, s, (u + l)/2)] . 
[53] 

(9.153) c(r-,s)^^^ 



ra<in 



(9.155) C(r-,.)=-2C(^ + s)+ ^ + + 



[53] 

(9.154) C('^, s) + C(s, r) = C(r)C(s) - Cir + «)• 

[53] 

j = l j'odd 

for r even and s odd. 
[53] 

s-2 

(9.156) C(l, s) = ^C(s + 1) - 2 E + - J')- 
[53] 

1 °° '^^^ /fc\ 

(9.157) ar.s)^--C{r + s)+ E E ■ '7(^ - ^O'^l^ - ^ + j), 



/c— 3,/codd J— 0,jeven 

where 



(9.158) E (-i)''-'^/'5r^(fc-rf + i), 

rf— l,(iodd 
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and 

(9.159) 7?Gs) = (1 - 2i-^)C(s). 
9.6. Bernoulli Numbers and Polynomials. [88] 

(9.160) s™(x) = E r-T E(-i)lJ + ^r- 

n=0 k=Q ^ ^ 

[47] 

m ira\ n in\ 

(9-161) E 7;iTlTiY^""'^"+^+^(-) - E 7;^(-2/)"-'=S™+.+4- + V) 

k=a V s / 

■s-l-j\fs-l\ (-l)"+i+'s2/"+"+"-^Bj(a;) 



fc=o V s y /£=o V s 

s-l s-l~j 



E E 

]=0 2=0 



« A i y (m + n + l + i) 



and 
(9.162) 



s (T) (" t - E (:) (" : ') + «)■ 



k=0 ^ ' ^ / fc=o 

[47] 

A; 



(9.163) E (^'+M(fc + j + l)Sfe+, =0, fc>l. 



[53] 
(9.164) 



j">0 j=r+s mod 2 ^ ^-^ ^ ^-^ ^ ^ V 

[88] 

(9.165) iJ™(x) = E - E(-l)' U) + 
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